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General class of problems

General class of problems

Let
@ H be a Hilbert space,
® Hy(R;H) = {f:R— H : fmeas., [ |f(t)5e 2! dt < oo},
e inner product: (f, g), = [, (f(t), g(t)) e =2 ! dt.
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General class of problems

General class of problems

Then the problem class

(61/\/’0 + M —|—A)U =F,
where
@ My, My bounded, linear, self-adjoint operators on H,
@ A an unbounded, skew-selfadjoint operator on H,
@ Jpo>0,7>0Yp>po, x € H: (oMo + My)Xx, X)p = (X, X),
has for each p > po and F € H,(R, H) a unique solution U € H,(R, H) and it holds

’
U], < ;’F|p-
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Examples

wave equation where f(t,x) = 0 for t < 0.

up —Au =1, Ulpo =0, Ulj—o=Ut|t—0=0

[a’ ((13 ?>+<gr(:')ad dcm <5>=<§) OF =f, F(07)=0

solution space:

vedwv: Y€ HY (R4, L3(Q)) N L2 (Ry, HY ()
© ve HN (Ry, L3(Q)) N L2 (Ry, H(div,Q))
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Examples

heat equation where f(t,x) = 0 for t < 0.

ur—Au=f, Upa=0, Ul==0

(0 0) (0 %)+ o )] (7)= (o)

. ue H; (R+’ LZ(Q)) N L;Z) (R+» H(1) (Q)) )
(), o 12(R,, H(div, Q)

solution space:

V =
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Examples

reaction-diffusion-equation where f(t, x) = 0 for t < 0.

u—Au=f1f, upno=0

(0 0) (0 %)+ o )] (7)= (o)

solution space:
L2 (R, H}(Q
vl YEE EaH().
Ve Lp (R4, H(div, Q))
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Examples

changing type systems

xoua, O XQe 0 ) < 0 div>]<u>:<f>
[8t< 0 th>+< 0  Xxayua. + grad 0 v 0

solution space:

Vo Loy, YEH (B L@ U0)) 0 LT (Ry, Ho()),
T ve HY (Ry, L3(Qn)) N LA (R, H(div, Q) Famees (R

no transmission conditions
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Discretisation by dG

Time — Discontinuous Galerkin

continuous form:
Find U € V,such thatforallo ¢ Vand m=1,....M

(OtMo + My + AU, ®) p m = (F, ®)p.m,

where (-, ), m is the weighted inner product localised to I, := (tm—1, tm].
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Discretisation by dG

Time — Discontinuous Galerkin

semidiscrete form:
Find U™ € V" := PZ=¢([0, T], H), such that for all ® € V™ and m

((OtMo + My + A)UT, D), m + (MU ] m—1, @)1 = (F, D) pm,
where [-]n_1 is the jump at the time ;1.

There is exactly one solution for each F € H,(R, H).
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Discretisation by dG

Finite Element Method

discrete form:
Find U, € V[, such thatforall® c Vi, m=1,... .M

Q[(0:Mo + My + A)Up, 8], ry + (Mo[Uplm—1, @1 )1 = Q[F., @]

p,m?

where [-]»—1 is the jump at the time t,,_4 and Q[-, ], ,, is a weighted right-sided
Gauf-Radau quadrature rule exactly for p € Pag(Im, H).
V} is defined by using piecewise
@ polynomials in t of degree g, globally discontinuous,
@ polynomials in x of degree k, globally continuous for ux(t,-), = H'-conform
@ Raviart-Thomas elements in x of degree k—1 for vj(t,-), = H(div)-conform
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Discretisation by dG

Resulis
Assuming
Ue H; (R; HX(Q) x HK(Q)) n Hg+2(R; [2(Q) x [2(Q))
as well as
AU € H,(R; H*(Q) x HX(Q)),
we obtain

e 2T sup (Mo(U — Un)(1),(U = Up)(t)w + U = Unlly, < C(729HD 4 THPK).
te[0,T]

Remark: High regularity only needed in the interior of each cell.
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Discretisation by dG

Drawback of this approach

@ No continuity in time, although jumps converge towards zero.
@ Dissipative method in the sense

e UMU(L), Ut + 2((pMo + MU, U), 0 = (MoU(0), U(0))4.
Vs.
e 2PN (MoUL, UL )y + 2{(pMo + My )UT, UT) , (0.1

I
+2) e 2 M[UTT 4, [UTTS ) = (MoUg-, UG- ) -

m=1
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Discretisation by cGP

Another approach: cGP — continuous-Galerkin-Petrov
semidiscrete form: '
Find U™ € V™ := PZ™([0, T], H), such that for all & € W™ := PZ*}([0, T], H) and m
(OtMo + My + AU, D), m = (F, P) p m,
U(ty_4) = U(ty_4)-
Is there exactly one solution for each F € H,(R, H)?
@ true for My with trivial null-space,
@ probably true for general My and F < H; (R, H).

What about a convergence analysis?
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Discretisation by cGP

Results for semi-discrete formulation
Let P : C(Im, H) — Pq(Im, H) be the cGP-interpolation operator fulfilling

(PU — U)(tm-1) = (PU — U)(tm) = 0,
(PU=U,W)ym=0 YW € Py_s(ln, H).

Letn=U—-PUand £ = PU— U". Then U — U™ = n + ¢ and the Galerkin
orthogonality ((0:Mo + My + A)(U — U7), ®), m = 0 give

((OMo + My + A)E, ) p.m = —((0tMo + My + A)n, @) . m
= —((2pMo + My + A)n, ®)p.m
< (II2oMo + My [ l19llp.m =+ [ A7l o,m) [Pl p,m-
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Discretisation by cGP

Results for semi-discrete formulation
Let ® = Mg_+¢ be the L2-projection into Pg_1(Im, H). Then

_otitm 1
YINg—1€113.m + (Mo&(t), £(1)) e 2’”\%7 5 (12pMo + My |[[[9]lp,m + 1| Al p.m)?

Let & = I,_1£ be the GauB-Legendre-interpolation into Py_1(/m, H). Then

_oot1tm 1
'7”’6771£||§,m + (Mo&(1),£(1)) He Zpt’,m_ 5 (I2oMo + My |[l[nllp,m + || An|

Py)?

because lg_1 = Mg—1 on Py(Im, H).
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Discretisation by cGP

Results for semi-discrete formulation

@ Optimal results for
U =M1 U] 5,00,tm]»

@ Optimal results for
(Mo(U — U7)(tm), (U = U7)(tm)) e 2",

@ If My has trivial null space: Optimal results for
U = U7l ,[0,tm]

@ Suboptimal results for
sup (Mo(U — UT)(t), (U= UT)()we 2. GHIREEHE [WR
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Discretisation by cGP

cGP — continuous-Galerkin-Petrov

discrete form:
Find U, € V[, such thatforall ® e W}, m=1,.... M

Q [(atMO + M + A)Uhv q>]p,m =Q [Fv (D]p,m?

where Q[-, ']p,m is a weighted GauB3-Lobatto quadrature rule exactly for

P € Pag—1(Im, H).

Discrete spaces V; and V] are defined by using piecewise
@ polynomials in t of degree g/ g—1, globally continuous / discontinuous,
@ polynomials in x of degree k, globally continuousfor ux(t, -),
@ Raviart-Thomas elements in x of degree k—1 for vu(t,-)

TECHNISCHE na g
universitat [ WAS R
DRESDEN IWR



Numerical Method
L]
Discretisation by mixed dG/cGP

Drawback of this approach

@ Needs continuity in time everywhere, although solution theory valid also for
data not supporting continuity in some subdomains.

@ Needs initial conditions everywhere.
Goal:
mixed cGP/dG method in time, that is
@ piecewise polynomial of order q,
@ continuous, where U is guaranteed to be continuous (range of M),
@ allows discontinuity, where U might be discontinuous (null-space of M).

Problem:
Definition and solvability of semi-discrete problem
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Examples

1d-example
LetQ = [-%. %], Q= [-%.0], Q= [0,%] and

(0 ) (0 0) (G <) ()= (o)
‘N0 xa,) "\0 xo,) "\d 0/]\v) \g
with homogeneous Dirichlet-conditions for u.

f(t, x) = ((1 + t=2e')x(_5 0¥+ x(5,3) ~ X(0.3)) (x)) cos(x)
+ [x@07) — X(W%w)} (x),

9(t. %) = X(0.m) (X)X + X (7,22 ) (X)(27 — X)
— (ef = 1)[X( ) — X(O%)}(x) sin(x).

s
2
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1d-example
Let Q= [-%, %], Qp = [-%,0], Q= [0,%] and
1.0 0 0 0 Ox\| (u\_[(f
"\0 xaq, 0 Xxo, 0 v) \g

o
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Examples

1d-example, dG-method

N=M

Esup(U - Uh)

|U—Uslla,

k=2,qg=1

96
192
384
768

3.577e-04
9.010e-05
2.261e-05
5.662e-06

6.400e-05
1.99 1.601e-05
1.99 4.002e-06
2.00 1.001e-06

2.00
2.00
2.00

k=3,g=2

96
192
384
768

6.981e-08
8.726e-09
1.091e-09
1.363e-10

Theory: min{k, g + 1} for smooth U

7.500e-10
3.00 2.343e-11
3.00 7.329e-13
3.00 2.474e-14

5.00
5.00
4.89
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Examples

2d-example
Sei QO = {(x,y) e[l g]z}, Qp = [0,1]2\ Qp, und Qe = 0, sowie

f(t, x) = 2sin(mt)x{x<0.5)(X)

o1r 5
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Examples

2d-example, dG-method

N=M

Esup(U - Uh) ||U - UhHO,p

k=2,qg=1

8
16
32
64

6.635e-03 3.823e-03
2.002e-03 1.73 1.244e-03
6.497e-04 1.62 4.691e-04
2.404e-04 1.43 2.101e-04

1.62
1.41
1.16

k=3,g=2

8
16
32
64

1.337e-03 9.640e-04
4.496e-04 1.57 3.962e-04
1.851e-04 1.28 1.904e-04
7.992e-05 1.21 9.710e-05

Theory: min{k, g + 1} for smooth U

1.28
1.06
0.97
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Examples

Thank you for your attention!
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