
Introduction Numerical Method

Numerical treatment of evolutionary systems
(generalised Friedrichs systems)

S. Franz1, S. Trostorff2, M. Waurick3

1 Institute Numerical Mathematics, Technische Universität Dresden, Germany
2 Institute Analysis, Technische Universität Dresden, Germany

3 Dept. of Mathematics and Statistics, University of Strathclyde, Glasgow, UK.

Finland, August 2018



Introduction Numerical Method

Content

1 Introduction
General class of problems
Examples

2 Numerical Method
Discretisation by dG
Discretisation by cGP
Discretisation by mixed dG/cGP
Examples



Introduction Numerical Method

General class of problems

General class of problems
Let

H be a Hilbert space,
Hρ(R; H) := {f : R→ H : f meas.,

∫
R |f (t)|2He−2ρt dt <∞},

inner product: 〈f ,g〉ρ :=
∫
R〈f (t),g(t)〉He−2ρt dt .

Picard: An Elementary Hilbert Space Approach to Evolutionary Partial Differential Equations,
Rend. Istit. Mat. Univ. Trieste, 2010
Picard, McGhee: Partial Differential Equations: A unified Hilbert Space Approach, volume 55 of De Gruyter Expositions in Mathematics, 2011
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General class of problems

General class of problems
Then the problem class

(∂tM0 + M1 + A)U = F ,

where
M0, M1 bounded, linear, self-adjoint operators on H,
A an unbounded, skew-selfadjoint operator on H,
∃ρ0 > 0, γ > 0∀ρ ≥ ρ0, x ∈ H : 〈(ρM0 + M1)x , x〉ρ ≥ γ〈x , x〉ρ,

has for each ρ ≥ ρ0 and F ∈ Hρ(R, H) a unique solution U ∈ Hρ(R, H) and it holds

|U|ρ ≤
1
γ
|F |ρ.

Picard: An Elementary Hilbert Space Approach to Evolutionary Partial Differential Equations,
Rend. Istit. Mat. Univ. Trieste, 2010
Picard, McGhee: Partial Differential Equations: A unified Hilbert Space Approach, volume 55 of De Gruyter Expositions in Mathematics, 2011
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Examples

Examples
wave equation where f (t , x) = 0 for t < 0.

utt −∆u = f , u|∂Ω = 0, u|t=0 = ut |t=0 = 0

[
∂t

(
1 0
0 1

)
+

(
0 div
˚grad 0

)](
u
v

)
=

(
F
0

)
, ∂tF = f , F (0−) = 0

solution space:

V =

{
(u, v) :

u ∈ H1
ρ

(
R+,L2(Ω)

)
∩ L2

ρ

(
R+,H1

0 (Ω)
)
,

v ∈ H1
ρ

(
R+,L2(Ω)

)
∩ L2

ρ (R+,H(div,Ω))

}
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Examples

Examples
heat equation where f (t , x) = 0 for t < 0.

ut −∆u = f , u|∂Ω = 0, u|t=0 = 0

[
∂t

(
1 0
0 0

)
+

(
0 0
0 1

)
+

(
0 div
˚grad 0

)](
u
v

)
=

(
f
0

)
solution space:

V =

{
(u, v) :

u ∈ H1
ρ

(
R+,L2(Ω)

)
∩ L2

ρ

(
R+,H1

0 (Ω)
)
,

v ∈ L2
ρ (R+,H(div,Ω))

}
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Examples

Examples
reaction-diffusion-equation where f (t , x) = 0 for t < 0.

u −∆u = f , u|∂Ω = 0

[
∂t

(
0 0
0 0

)
+

(
1 0
0 1

)
+

(
0 div
˚grad 0

)](
u
v

)
=

(
f
0

)
solution space:

V =

{
(u, v) :

u ∈ L2
ρ

(
R+,H1

0 (Ω)
)
,

v ∈ L2
ρ (R+,H(div,Ω))

}
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Examples

Examples
changing type systems

Ωe Ωp Ωh

∂Ω

Ωe

Ωh Ωp
∂Ω

[
∂t

(
χΩh∪Ωp 0

0 χΩh

)
+

(
χΩe 0
0 χΩp∪Ωe

)
+

(
0 div
˚grad 0

)](
u
v

)
=

(
f
0

)
solution space:

V =

{
(u, v) :

u ∈ H1
ρ

(
R+,L2(Ωh ∪ Ωp)

)
∩ L2

ρ

(
R+,H1

0 (Ω)
)
,

v ∈ H1
ρ

(
R+,L2(Ωh)

)
∩ L2

ρ (R+,H(div,Ω))

}

no transmission conditions
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Discretisation by dG

Time – Discontinuous Galerkin
continuous form:
Find U ∈ V , such that for all Φ ∈ V and m = 1, . . . ,M

〈(∂tM0 + M1 + A)U,Φ〉ρ,m = 〈F ,Φ〉ρ,m,

where 〈·, ·〉ρ,m is the weighted inner product localised to Im := (tm−1, tm].
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Discretisation by dG

Time – Discontinuous Galerkin
semidiscrete form:
Find Uτ ∈ Vτ := Pdisc

q ([0,T ],H), such that for all Φ ∈ Vτ and m

〈(∂tM0 + M1 + A)Uτ ,Φ〉ρ,m + 〈M0[[Uτ ]]m−1,Φ
+
m−1〉H = 〈F ,Φ〉ρ,m,

where [[·]]m−1 is the jump at the time tm−1.

There is exactly one solution for each F ∈ Hρ(R,H).

SF, S. Trostorff, M. Waurick: Numerical methods for changing type systems IMA J. Numer. Anal., (2018)
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Discretisation by dG

Finite Element Method
discrete form:
Find Uh ∈ Vτh , such that for all Φ ∈ Vτh , m = 1, . . . ,M

Q [(∂tM0 + M1 + A)Uh,Φ]ρ,m + 〈M0[[Uh]]m−1,Φ
+
m−1〉H = Q [F ,Φ]ρ,m ,

where [[·]]m−1 is the jump at the time tm−1 and Q [·, ·]ρ,m is a weighted right-sided
Gauß-Radau quadrature rule exactly for p ∈ P2q(Im,H).
Vτh is defined by using piecewise

polynomials in t of degree q, globally discontinuous,
polynomials in x of degree k , globally continuous for uh(t , ·),⇒ H1-conform
Raviart-Thomas elements in x of degree k−1 for vh(t , ·),⇒ H(div)-conform

SF, S. Trostorff, M. Waurick: Numerical methods for changing type systems IMA J. Numer. Anal., (2018)
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Discretisation by dG

Results
Assuming

U ∈ H1
ρ (R; Hk (Ω)× Hk (Ω)) ∩ Hq+2

ρ (R; L2(Ω)× L2(Ω))

as well as
AU ∈ Hρ(R; Hk (Ω)× Hk (Ω)),

we obtain

e−2ρT · sup
t∈[0,T ]

〈M0(U −Uh)(t), (U −Uh)(t)〉H + ‖U − Uh‖2Q,ρ ≤ C(τ2(q+1) + Th2k ).

Remark: High regularity only needed in the interior of each cell.

SF, S. Trostorff, M. Waurick: Numerical methods for changing type systems IMA J. Numer. Anal., (2018)
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Discretisation by dG

Drawback of this approach

No continuity in time, although jumps converge towards zero.
Dissipative method in the sense

e−2ρt〈M0U(t),U(t)〉H + 2〈(ρM0 + M1)U,U〉ρ,(0,t) = 〈M0U(0),U(0)〉H .

vs.

e−2ρti 〈M0Uτ
i− ,U

τ
i−〉H + 2〈(ρM0 + M1)Uτ ,Uτ 〉ρ,(0,ti )

+ 2
i∑

m=1

e−2ρtm−1〈M0[[Uτ ]]x0
m−1, [[U

τ ]]x0
m−1〉 = 〈M0Uτ

0− ,Uτ
0−〉H .
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Discretisation by cGP

Another approach: cGP – continuous-Galerkin-Petrov
semidiscrete form:
Find Uτ ∈ Vτ := Pcont

q ([0,T ],H), such that for all Φ ∈ Wτ := Pdisc
q−1([0,T ],H) and m

〈(∂tM0 + M1 + A)Uτ ,Φ〉ρ,m = 〈F ,Φ〉ρ,m,
U(t+

m−1) = U(t−m−1).

Is there exactly one solution for each F ∈ Hρ(R,H)?

true for M0 with trivial null-space,
probably true for general M0 and F ∈ H1

ρ (R,H).

What about a convergence analysis?
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Discretisation by cGP

Results for semi-discrete formulation
Let P : C(Im,H)→ Pq(Im,H) be the cGP-interpolation operator fulfilling

(PU − U)(tm−1) = (PU − U)(tm) = 0,
〈PU − U,W 〉ρ,m = 0 ∀W ∈ Pq−2(Im,H).

Let η = U − PU and ξ = PU − Uτ . Then U − Uτ = η + ξ and the Galerkin
orthogonality 〈(∂tM0 + M1 + A)(U − Uτ ),Φ〉ρ,m = 0 give

〈(∂tM0 + M1 + A)ξ,Φ〉ρ,m = −〈(∂tM0 + M1 + A)η,Φ〉ρ,m
= −〈(2ρM0 + M1 + A)η,Φ〉ρ,m
≤ (‖2ρM0 + M1‖‖η‖ρ,m + ‖Aη‖ρ,m) ‖Φ‖ρ,m.
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Discretisation by cGP

Results for semi-discrete formulation
Let Φ = Πq−1ξ be the L2-projection into Pq−1(Im,H). Then

γ‖Πq−1ξ‖2ρ,m + 〈M0ξ(t), ξ(t)〉He−2ρt ∣∣tm
tm−1
≤ 1
γ

(‖2ρM0 + M1‖‖η‖ρ,m + ‖Aη‖ρ,m)2

Let Φ = Iq−1ξ be the Gauß-Legendre-interpolation into Pq−1(Im,H). Then

γ‖Iq−1ξ‖2ρ,m + 〈M0ξ(t), ξ(t)〉He−2ρt ∣∣tm
tm−1
≤ 1
γ

(‖2ρM0 + M1‖‖η‖ρ,m + ‖Aη‖ρ,m)2 ,

because Iq−1 = Πq−1 on Pq(Im,H).
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Discretisation by cGP

Results for semi-discrete formulation

Optimal results for
‖U − Πr−1Uτ‖ρ,[0,tm],

Optimal results for

〈M0(U − Uτ )(tm), (U − Uτ )(tm)〉He−2ρtm ,

If M0 has trivial null space: Optimal results for

‖U − Uτ‖ρ,[0,tm]

Suboptimal results for

sup
t∈[0,tm]

〈M0(U − Uτ )(t), (U − Uτ )(t)〉He−2ρt .
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Discretisation by cGP

cGP – continuous-Galerkin-Petrov
discrete form:
Find Uh ∈ Vτh , such that for all Φ ∈ Wτ

h , m = 1, . . . ,M

Q [(∂tM0 + M1 + A)Uh,Φ]ρ,m = Q [F ,Φ]ρ,m ,

where Q [·, ·]ρ,m is a weighted Gauß-Lobatto quadrature rule exactly for
p ∈ P2q−1(Im,H).

Discrete spaces Vτh andWτ
h are defined by using piecewise

polynomials in t of degree q / q−1, globally continuous / discontinuous,
polynomials in x of degree k , globally continuousforuh(t , ·),
Raviart-Thomas elements in x of degree k−1 for vh(t , ·)
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Discretisation by mixed dG/cGP

Drawback of this approach

Needs continuity in time everywhere, although solution theory valid also for
data not supporting continuity in some subdomains.
Needs initial conditions everywhere.

Goal:
mixed cGP/dG method in time, that is

piecewise polynomial of order q,
continuous, where U is guaranteed to be continuous (range of M0),
allows discontinuity, where U might be discontinuous (null-space of M0).

Problem:
Definition and solvability of semi-discrete problem
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Examples

1d-example
Let Ω =

[
−3π

2 ,
3π
2

]
, Ωh =

[
−3π

2 ,0
]
, Ωp =

[
0, 3π

2

]
and[

∂t

(
1 0
0 χΩh

)
+

(
0 0
0 χΩp

)
+

(
0 ∂x

∂̊x 0

)](
u
v

)
=

(
f
g

)
with homogeneous Dirichlet-conditions for u.

f (t , x) =
(

(1 + t − 2et )χ(−π
2 ,0)(x)+et[χ(π

2 ,
3π
2 ) − χ(0,π2 )

]
(x)
)

cos(x)

+
[
χ(0,π) − χ(π, 3π

2 )
]
(x),

g(t , x) = χ(0,π)(x)x + χ(π, 3π
2 )(x)(2π − x)

− (et − 1)
[
χ(π

2 ,
3π
2 ) − χ(0,π2 )

]
(x) sin(x).

SF, S. Trostorff, M. Waurick: Numerical methods for changing type systems IMA J. Numer. Anal., (2018)
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Examples

1d-example
Let Ω =

[
−3π

2 ,
3π
2

]
, Ωh =

[
−3π

2 ,0
]
, Ωp =

[
0, 3π

2

]
and[

∂t

(
1 0
0 χΩh

)
+

(
0 0
0 χΩp

)
+

(
0 ∂x

∂̊x 0

)](
u
v

)
=

(
f
g

)
with homogeneous Dirichlet-conditions for u.

−2π
2
−π−π

2
0

π
2

π 3π
2

0
0.5

1
−2

0

2

x
t −2π

2
−π−π

2
0

π
2

π 3π
2

0
0.5

1

0

2

4

x
t

SF, S. Trostorff, M. Waurick: Numerical methods for changing type systems IMA J. Numer. Anal., (2018)
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Examples

1d-example, dG-method

N = M Esup(U − Uh) ‖U − Uh‖Q,ρ
k = 2, q = 1

96 3.577e-04 6.400e-05
192 9.010e-05 1.99 1.601e-05 2.00
384 2.261e-05 1.99 4.002e-06 2.00
768 5.662e-06 2.00 1.001e-06 2.00

k = 3, q = 2
96 6.981e-08 7.500e-10

192 8.726e-09 3.00 2.343e-11 5.00
384 1.091e-09 3.00 7.329e-13 5.00
768 1.363e-10 3.00 2.474e-14 4.89

Theory: min{k ,q + 1} for smooth U

SF, S. Trostorff, M. Waurick: Numerical methods for changing type systems IMA J. Numer. Anal., (2018)
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Examples

2d-example
Sei Ωh =

{
(x , y) ∈

[1
4 ,

3
4

]2}
, Ωp = [0,1]2 \ Ωh und Ωe = ∅, sowie

f (t ,x) = 2 sin(πt)χ{x<0.5}(x)
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Examples

2d-example, dG-method

N = M Esup(U − Uh) ‖U − Uh‖Q,ρ
k = 2, q = 1

8 6.635e-03 3.823e-03
16 2.002e-03 1.73 1.244e-03 1.62
32 6.497e-04 1.62 4.691e-04 1.41
64 2.404e-04 1.43 2.101e-04 1.16

k = 3, q = 2
8 1.337e-03 9.640e-04

16 4.496e-04 1.57 3.962e-04 1.28
32 1.851e-04 1.28 1.904e-04 1.06
64 7.992e-05 1.21 9.710e-05 0.97

Theory: min{k ,q + 1} for smooth U

SF, S. Trostorff, M. Waurick: Numerical methods for changing type systems IMA J. Numer. Anal., (2018)
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Examples

Thank you for your attention!
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