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Derivation of Galbrun's equation—Euler’s equations

Homentropic flow

pDu+Vp = pyp Momentum conservation
Dp+pV-u=0 Mass conservation
p=X(p) Equation of state

» Nonlinear conservation laws
> u velocity
> p (mass) density
> p pressure
» o force density
» D = 0; + u -V material derivative

» Thermodynamic state equation
> Speed of sound: ¢ = \/X/(p) ~ 340™/s in air
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Derivation of Galbrun's equation—Linearization

» Linearization ansatz (¢ € {u,p, p, ¢})
> ¢(X? t) = ¢0(X7 t) + §¢(X7 t)

poDouo + Vpo = powo Momentum conservation
Dopo + poV - up =0 Mass conservation
po = X(po) Equation of state

Linearized Euler’'s equations
v
poDodu + Vép + po(du - V)ug — p—po5p = podp
0

0,
poDo (P) +V- (poéu) =0
Po
5p = caop

» Standard model for sound propagation in moving fluids
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Derivation of Galbrun's equation—Lagrangian displacement w

(0 + Lyy)w = Dow — (w - V)ug = du

(x + w(x, t),t)

‘ Advection by ug

(x, 1) Advection by u

» Lyw = (up-V)w — (w - V)up, Lie derivative on vector
» On scalars Dy = Oy + up - V = 0¢ + Ly,
> V- (podu) = poDo(py 'V - (pow)) =

0 op+ V- (pow
0 = poDo (pﬁ) + V- (podu) = poDo (ppo(po))

> “No resonance” assumption: §p = —V - (pow)
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Galbrun’s equation (caibrun 1031)

poDoduy, + V(pocodpw) + po(duy - Vug — co(Vpo)dpw = pode

» duy = Dow — (w - V)ug

5w = po -codpw = —pg oV - (pow)
Vector wave equation
> Diw — 3V(V - w) = dp (Homogeneous background flow)

vy

Perturbations of Newtonian stars (e.g. Friedman & Schutz 1978)
Wave energy conservation law (eg. Friedman & Schutz 1978)

Derivable from variational principle (e.g. Friedman & Schutz 1978)

vvyyvyy

Well-posedness in 2D of regularized formulations

» General time-dependence, homogeneous background flow
(Berriri et al. 2006)

» Harmonic time-dependence, general time independent
background flow (Bonnet-Ben Dhia et al. 2012)
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Informal sketch of our approach

» Solve linearized Euler’s equations for du and dp
» Solve equation for w

» If the “no resonance” assumption is fulfilled (—V - (pow) = dp),
then w solves Galbrun's equation
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The “no resonance” assumption scrutinized

» Introduce h = py*(dp + V - (pow))
» “No resonance” assumption: pgDph=0 = h=0

d
0:2/PohDoh: E/Poh2+/Po(”'Uo)h2
0 Q 50

» Partition 0Q =T_ Ul UT based on the sign of n- uy

d
— Poh2=/,€70|n'Uo\h2—/,00|n'uo|h2 < /Po\n'uo|h2

dt
Q r_ ry r_

Thus, h=0iff hl;—o =0 and h|r_ =0
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“No resonance” assumption—Imposing vanishing data for h

» Assume du and Jp solve linearized Euler’s equations
> Let w(t) satisfy V - (pow(t)) = —dp(t)
» Impose w|¢—o = w/(0), then

hle=o = (6p + V - (pow))|t=0 = 0p(0) + V - (pow(0)) = 0

» Impose w|r_ = Ww|r_, then ?

» Impose V- (pow)|r_ =V - (poW)|r_, then 7
» Resort to n- ug = 0 on all of 9Q
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Well-posedness of linearized Euler's equations
Q c RY open bounded domain with C! boundary
n-ug=00n9d0 =T

background flow quantities and their first order derivatives
essentially bounded

>
» time independent background flow
>
>

» essinf pp > 0 and essinfcy > 0

> Y :9Q — [0,00) Lipschitz continuous admittance function
Vg Vpo
poto-V V(poco-) % o 0 ou dp
p06t+ +poco v R4 =pPo
Po Uo-V Co A
pocoV- polo-V —_— op 0
Po %)

Initial condition (g;) - (g:g)

Boundary condition Yp—n-du=g
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Theoretical framework—Friedrichs’ systems
(Ern et al. 2007 and Burazin & Erceg 2016)

» L, (-,-). real Hilbert space identified with its dual L’
» D dense subspace of L

» C generic positive constant

> T, T :D — L linear, time independent

(Té, ) = (¢, T)L Yo, € D (T1)
(T + T)pll < Cll¢|l. Vo € D (T2)

Wo completion of Din (-, Yw = (-, ) + (T, T*)L

Extend by density and adjoints to T, T € L(L; W)
(detailed in Antoni¢ and Burazin 2010)

Graph space W ={{e L | T e L}
Boundary operator D € L(W; W)
(D&, E)w = (T&, ) — (& Té)L = (DE.O)w
> V.,V C W subspaces
(DE,€)w >0 forall € € V and (DE,E)w <0 forall £ € V (V1)
V =D(V)?and V = D(V)° (V2)
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Theoretical framework—Abstract Cauchy problem
(Burazin and Erceg 2016)

(O + T)=ffort>0 (4a)

E=¢att=0 (4b)
Theorem 1 )
If T and T satisfy conditions (T1) and (T2); V.C W and V C W
satisfy conditions (V1) and (V2); and f € L}((0,7);L). Then, for
every & € L problem (4) has the unique mild solution £ € C([0,7]; L)
given by t

£(t) = S5, ()& + / (=) S, (t — 5)f(s) ds.
0

> (55,(t))e>0 contraction Co-semigroup generated by
—~(T+XD|y:VCL—L

_ o (T U(T+ )6l
> Ao = max{O, UL P }< sup g <

#€D\{0}

> ) < (|5o||L n Of ||f<s)||Lds)
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Linearized Euler’s equations

> [ — L%Q(Q)d—b—l — LQ(Q)‘H—I, (.’ ')L — (pO'; )
> D— é‘oo(Q)d+1

( ) Vg Vo

poug-V V(poco- c -

» = = 0 Po

i ATe pocoV- potio-V T Vpo -V
0Co oo P 2

> poT =—-A+BT

» Conditions (T1) and (T2) satisfied

> W={(eclL|Alel}

> (D9, 0)w = (Ad ) (0, Av) = [ Al)oi 9, € C(@)"

03 )
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Linearized Euler's equations—Boundary conditions

Following Rauch (1985)

» For x € 0L define
N(x) = {¢ € R | —n(x) - & + Y(x)& = 0}
N(x) = {£ € R | n(x) & + Y(x)& = 0}
> N = (A(n)N)* and N = (A(n)N)+
> kerA(n)={¢|n-& =0and & =0} c NN N,
dim kerA(n) =d —1
> Assume N(x) = span(v;(x))%;, vi : 9Q — RY*1 Lipschitz

» Incorporate inhomogeneous BCs in f
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Linearized Euler's equations—Boundary conditions

Following Rauch (1985)

> gy W — HY2(0Q; R+ /N(x))
> ¢ CYQ); o = 0 iff ¢(x) € N(x) Vx € 9Q
> V={{e W[wE=0}
> vy W — H_1/2(8Q;Rd+1/N(x))
> $e CHQ); vyp = 0 iff p(x) € N(x) Vx € 9Q
> V={¢eW|yzg =0}
Theorem 2
VN CY(Q) is dense in V
V N CY(Q) is dense in V
Proof.
Rauch's Theorem 4 O
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Linearized Euler's equations—Boundary conditions

Theorem 3 o }
For all pairs € € V and £ € V it holds that (D&, &)w =0

Proof.
By theorem 2

<D§75>W = (A§7€) + (faAg) = k“—>moo Iingo(Agk’gI) + (fkvAg/) =
lim lim (A(n)ék, €)aq =0 O
—_———

k—o00 [—00

=0

Theorem 4 ) o

If¢ e W and (DE,&)w =0 forall £ € V, then { € V
Ifé € W and (DE, &)y =0 forall £ € V, then £ € V
Proof.

V N Lip(Q) ¢ V, thus Theorem 3 yields
0 = (D¢, €) = (A€, €) + (&, Af) for all £ € VN Lip(Q)
Result follows by Rauch’s Proposition 3 O
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Well-posedness of Linearized Euler’'s equations

Theorem 2 yields (V1)
> (D¢, E)w = kli—)moo(Afk7§k) + (&k, Abk) = kli[T;O(A(n)fkvfk)BQ =
k|i>moo 2(Yé .k, 66)o0 >0VE e V
> (D€ &)w = k'i)mw(Agk7£k) + (€, A&k) = k'i[T;O(A(”)gkfk)aQ =
Jim_ —2(Y& ki bon)on <OVEEV

Note that D( VY ={eW'=W|0= (D E)wVE e V} and
D(V)° ={ée W |0= (D¢ EwVE € V), thus Theorems 3 and 4

yield (V2)
Thus, Theorem 1 applies
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Lagrangian displacement is well-defined

» n-uyg=0o0n0Q
> ouc L1((0,7); L2(Q)Y)

O+ (up - VIw — (w - V)ug = du in Q for all t >0
w=wyinQatt=0

> L= L(Q)°

> D= C=(Q)

> T =uyV —Vuy, T=—up-V—(Vup)"
» Conditions (T1) and (T2) hold

> V=V=Ww
» Conditions (V1) and (V2) hold

Thus, Theorem 1 applies. If w is sufficiently regular and
V - (powp) = —dpo, then w solves Galbruns equation
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Galbrun’s equation—Energy estimate
First order form of Galbrun's equation
poDo(Su + V(poCo 5ﬁ) + po(éu . V)Uo - Co(vpo)aﬁ = po&p (63)
Dow — (w - V)up —du=0 (6b)
copg 'V - (pow) +p =0 (6¢)

> Integrate by parts in (du, (6a)) + 75 2(pow, (6b))
> 79 € (0,00) time scale
» 2nd term (6a)

(0u, V(pocodp)) = —(V - du, pocodp) + (n - du, pocadp)aa
V - (podu) = poDo(py 'V - (pow)) (V- (6b))
—_——

=—c; '0p

» Employ formal skew symmetry of poug-V
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Galbrun’s equation—Energy estimate

1d, L
5z (70 (0w, w) + (900D, 09) + (podu, ou)
_ . up-Veg .
= 75 2o (To)w) + (ot 22289 — (pod (Vo))
_ 1
475 2(padu, w) = 5 [ oot - A(n)E -+ (pad 59)
o0
where
ou n-uyg ¢n 0 u
&-A(n)E = p || con- n-u 0 op
o tw 0 0 n-u) \rptw

> Same as for linearized Euler's equations (3) appended with
definition (4) of w (however, then 0p # copy 'V - (pow))
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Galbrun’s equation—Energy estimate

» n-up=0o0n0Q

> w=wpand Oyw =Wy in Qatt=0

> —n-(Dow—(w-V)up) — Ycopy *V-(pow) = g on 9Q for all t > 0
> —n-Su+Ydp=g
> If g(x) #0, then Y(X)>a>0

75 2 lw(E)lI3, + 106(0)17, + lldu(t)|3, <
t
et <To_2||Wo||§0 +[1670l[7, + llduollZ, + /||<5</>(S)Il'ﬁ0 + llg(s) 1300 d5>
0

7o 2lw(t)l13, + llcong ™V - (pow)(£)II5, + 11(: + Lug)w ()7, <

e (15 2ol + o - (owe)I, + i + ool

t
+ [1846)1E, + 166 B ds)
0
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Conclusions

» n-uy=0on0f2

» Well-posedness of linearized Euler’s equations
» Mild solutions
> Energy estimate (strong solutions)

» Well-posedness of Galbrun's equation

> Existence from linearized Euler's equations (if w regular enough)
» Energy estimate (strong solutions)
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