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Joint work with my collaborators

m Christoph Hofer (JKU, DK)
= Martin Neumiiller (JKU, NuMa)
= loannis Toulopoulos (RICAM, CM4PDE)

Main results have just been published in
[1] C. Hofer, U. Langer, M. Neumidiller, |. Toulopoulos. Time-multipatch
discontinuous Galerkin space-time isogeometric analysis of parabolic evolution
problems. ETNA, 2018, v. 49, 126-150.
[2] C. Hofer, U. Langer, M. Neumdiller. Robust preconditioning for space-time
isogeometric analysis of parabolic evolution problems. [math.NA], 2018,
arXiv:1802.09277, arXiv.org.
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Parabolic Initial-Boundary Value Model Problem

Let us consider the IBVP problem: Find v : @ — R such that

Oru—Au=1f in Q:=Qx(0,T),
u=up:=0 on YX:=002x(0,7), (1)
u=uy on Xg:=Qx{0},

as the typical model problem for a linear parabolic evolution
equation posed in the space-time cylinder Q@ = Q x [0, T].
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Parabolic Initial-Boundary Value Model Problem

Let us consider the IBVP problem: Find v : @ — R such that

u—Au="Ff in Q:=Qx(0,T),
u=up:=0 on X:=00Qx(0,T), (1)
u=uy on Xg:=Qx{0},
as the typical model problem for a linear parabolic evolution
equation posed in the space-time cylinder Q = Q x [0, T].

Our space-time technology can be generalized to more general
parabolic equations like

—divk(A(x, t)Vxu) + b(x, t) - Vyu + c(x, t)0ru + a(x, t)u = f,

eddy-current problems, non-linear problems etc.

Introduction Time Multi-Patc
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Standard Weak Space-Time Variational Formulation

Find u € Hy°(Q) such that
a(u.v) = v) Vv e H(Q), (2)
with the bilinear form

a(u,v) = — /Q u(x, t)0sv(x, t)dxdt + /Q Vxu(x, t) - Vyev(x, t)dxdt

and the linear form

E(v):/Qf(x7 t)v(x, t)dxdt+/ up(x)v(x,0)dx,

Q

For solvability and regularity results, we refer to original papers by the Leningrad

School of Mathematical Physics in the 50s, summerized in the monographs by

Ladyzhenskaya, Solonnikov & Uralceva (1967) and Ladyzhenskaya (1973) !

Introduction Time Multi
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Parabolic Solvability and Regularity Results

miIffel; l(QT) = {V fO HV HL2(Q) dt < OO} and
up € Lo(£2), then there exists a unique generalized (weak)
solution v € HS’O(Q) of (2) that even belongs to Vz{’oo(QT).

Introduction Time Multi-Patch Space-Time Ig
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Parabolic Solvability and Regularity Results

miIffel; l(QT) = {V fO H HL2(Q) dt < OO} and
up € Lo(£2), then there exists a un|que generalized (weak)
solution v € Hg’O(Q) of (2) that even belongs to Vz{’oo(QT).

m If f € Lp(Q7) and ug € H}(L), then the generalized solution
u of (2) belongs to space HOA’l(QT) = Wfo’l(QT), and u
continuously depends on t in the norm of the space H}(%),
where W,5'(Q7) = {v € HY(Qr) : Acv € Lo(Qr)}-

m Maximal parabolic regularity: 0;u — divy (A(x, t)Vyiu) =

10eullx + [ldivx(Alx, £)Viu)|x < Cllflx,

where X = L,((0, T), L4(Q2)) = q(QT), 1<p,q< o0,
up=0,and a=0,b=0, c =

Introduction Time Multi-Patct ace-Time IgA Space-T
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Some References to

Time-parallel methods:

Gander (2015): Nice historical overview on 50 years time-parallel method
Parareal introduced by Lions, Maday, Turinici (2001)

Time-parallel multigrid: Hackbusch (1984),...,Vandewalle (1993),...,
Gander & Neumdiller (2014): smart time-parallel multigrid, ...,

Neumiiller & Smears (2018), ...
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Some References to

Time-parallel methods:

Gander (2015): Nice historical overview on 50 years time-parallel method
Parareal introduced by Lions, Maday, Turinici (2001)

Time-parallel multigrid: Hackbusch (1984),...,Vandewalle (1993),...,
Gander & Neumdiller (2014): smart time-parallel multigrid, ...,

Neumiiller & Smears (2018), ...

Space-time methods for parabolic evolution problems:
Babuska & Janik (1989,1990), Behr (2008), Schwab & Stevenson
(2009), Neumdiller & Steinbach (2011), Neumiiller (2013), Andreev
(2013), Bank & Metti (2013), Mollet (2014), Urban & Patera (2014),
Schwab & Stevenson (2014), Bank & Vassilevski (2014), Karabelas &
Neumiiller (2015), Langer & Moore & Neumiiller (2016), Bank &
Vassilevski & Zikatanov (2016), Larsson & Molteni (2017) Steinbach &
Yang (2017), Langer & Neumiiller & Schafelner (2018)
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References

Time-parallel methods:

Gander (2015): Nice historical overview on 50 years time-parallel
methods

Space-time methods for parabolic evolution problems:

Steinbach & Yang (2018): Nice overview on space-time methods
in the space-time book that will be published in RSCAM by de
Gruyter
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Single-Patch Space-Time IgA: LMN'16

[3] U. Langer, S. Moore, M. Neumiiller. Space-time isogeometric analysis of
parabolic evolution equations. Comput. Methods Appl. Mech. Engrg., v. 306,
pp. 342-363, 2016.
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Space-Time IgA paraphernalia: @ ¢ R, d =1 (1) and d = 2 (r).

In this talk: Generalization to the multipatch case + Solvers !
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Time Multi-Patch Space-Time IgA

Time Multi-Patch Space-Time IgA
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Time Multi-Patch Decomposition of @

We decompose the space-time cylinder @ = Q x (0, T) into N
non-overlapping space-time subcylinder
Qn=Q x (th-1,ty) = P,(Q), n=1,2,..., N, such that

6 - UnN:1 6n

with the time faces ¥, = Q,,1 N Q, = Q X {ty}, Ty =X

T Q

(0.1 \_,

QCR?

Int Time Multi-Patch Space-Time IgA
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Time Multipatch dG IgA spaces Vpp

We look for an approximate solution vy, to the IBVP (2) in the
globally discontinuous, but patch-wise smooth IgA (B-spline,
NURBS) spaces
Von = {vh € Hy°(Q) : Vi = hlq, € Bzg+1(Qn),n=1,..., N}
={vhe L(Q) : vj € Vgh,n=1,...,N} = span{y; }iez,
Voh = {viy € Bzg1(Qn) - vy =0 on X} = span{en,i}icz,
where B_a:1(Q,) is the smooth (depending of the polynomial

degrees and multiciplicity of the knots) IgA space corresponding to
the knot vector

=d+1 __ =d+1/,n n . .n n o
-n — =n (n17 s Ng+1: P15 "7pd+1) e

Introductio Time Multi-Patch Space-Time IgA
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Stable Time Multipatch dG IgA Scheme

Multiplying the PDE O:u — Ay u = f by vy + 0,h,0: vy, integrating
over @, integrating by parts, suming over n, and using that the
jumps [|u|] across ¥, are 0 at the solution v € HOA’l(Q), we get
the consistency identity

ah(u, Vh) = Eh(vh) Vvh c V0h7
where

N
ap(u, vp) = Z/ (Oruvp + OnhnOrudivy + VuV vy + 0phpViu - Vi Orvy) dxdt
n=17Qn
N
+2 [ e
n=17%n-1

N
eh(vh):Z/ f [V + Onhndrvp) dxdt+/ vy , dx.
n=1 Qn ):0

Int ion Time Multi-Patch Space-Time IgA
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Stable Time Multipatch dG IgA Scheme

Multiplying the PDE O:u — Ay u = f by vy + 0,h,0: vy, integrating
over @, integrating by parts, suming over n, and using that the
jumps [|u|] across ¥, are 0 at the solution v € HOA’l(Q), we get
the multi-patch space-time scheme: Find vy € Vj, such that

an(up, va) = Lh(vh) Yvh € Vo,
where

N
an(up, vi) = /Q (Otunvh + OnhnOtupOt v + VxUpVx Vi + OnhaVxup - VOt vy) dxdt
n=1 n
N
+ Z/ [[u,',’fl]] v,':.:_l dx,
n=17%n-1 !

N
eh(vh):Z/ f [V + Onhndrvp) dxdt+/ vy , dx.
n=1 Qn Z0

Introduction Time Multi-Patch Space-Time IgA
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Space-Time IgA Scheme and System of IgA Eqns

Hence, we look for the solution u, € Vg of the IgA scheme
ap(up, vi) = lp(ve) Vi € Vop (3)
in the form of
up(x, t) = up(X1, - .., Xd, Xd41) = ez Uipi(X, t)

where uy, == [uj]jer € RM=IZl is the unknown solution vector of
control points defined by the solution of the linear system

Lhuh = fh (4)
with huge, non-symmetric, but positive definite system matrix L.

Int io Time Multi-Patch Space-Time IgA
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Road Map of the Numerical Analysis

N

1 _ 1
vl = D= (198112, 0y + On B 19wl g,y + 510" M iEycx, ) + 5 1valE ey
n=1

1
anh*—uvnﬁZ(enhn iR, QMZHv" B

n=1

m Coercivity: ap(vh, vi) > pcllvall?, Vve € Vor, =1 = Juy <> uy: (4)
Vu € Von+ Hy "M (Q), Y vi € Von,
m Consistency: ap(u, vp) = lp(vy) YV vy € Vop, u € Hé‘O(Q) N HAYQ): (2)

m GO: ap(u— up,vp) =0 Vv, € Vop,

m Boundedness: |ap(u, vp)| <

m Cea-like: ||u— upllp < (1 + pp/pc)infy, vy, [lu— vallpx < ..
= Convergence rates: |[u — upl[n < chP|[u]|yp1(g)

In Time Multi-Patch Space-Time IgA

www.oeaw.ac.at U. Langer, Parallel Space-Time IgA Solvers



AW RICAN XU

Von—Coercivity of the bilinear form ay(-, -)
We now introduce the mesh-dependent norm
N

1 . 1
lvally = 32 (V12 ,000) + On b [9evillE g,y + S Dl MRz, ) + 5 1vallE iz,

n=1

Lemma (Coercivity / Ellipticity on Vpp)

The bilinear form ap(-,-) : Vo x Vor — R is Vy,—coercive wrt the

norm || - ||, i.e., there exists a constant .. = 1/2 such that
an(Vhs vi) 2 picllvallh, vk € Von: (5)
—2

provided that 0, < ¢, =, where H‘/h”i(aE) < c;nv,ohgll\vh\|f2(,:.)

This lemma immediately yields uniqueness and existence of the
solution uj, € Vo, and uy, € RV of (9) and (4), respectively.

Introduction Time Multi-Patch Space-Time IgA
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Uniform Boundedness of aj(-,-) on Vop. X Vop

Let us introduce the space Vg, . = Vo5 + HOA‘I(Q) equipped with the norm

HV||h*—(||VHh+Z(9nhn) IvI on)+2||v" Y o) ©

Lemma (Boundedness)

The bilinear form ay(-,-) is uniformly bounded on Vyy, . x Vop:

lan(u, vi)| < wollullp«llvallp, Yu € Vors, Vv € Von,  (7)

with pp = max(Ciny,1 Omax, 2), where Omayx = max,{6,} < cmv o
and Ciny k = Cinyk(p) are constants in the inverse inequalities

2 —2 2 2 —1 2
0¢85 valli, £y < Cinv.1hy “l10x vall i, ey and  Ivalli 08y < Cinv.ohn ~lIvallL, e

Introduction Time Multi-Patch Space-Time IgA
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Consistency and Galerkin orthogonality

Lemma (Consitency)

If the solution u & H&’O(Q) of the variational problem (2) belongs
to HA1(Q), then it satisfies the consistency identity

ah(u, Vh) = fh(vh) v Vhp € V0h~ (8)

Lemma (Galerkin orthogonality)

If the solution u & H&’O(Q) of the variational problem (2) belongs
to HA1(Q), then the Galerkin orthogonality

ah(u — Up, Vh) =0 Vv,e Vo (9)

holds, where u, € Vg, is the space-time dG IgA solution.

Introductio Time Multi-Patch Space-Time IgA Space-Time So
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Cea-like Discretization Error Estimate

Theorem (Cea-like Estimate)

Let the exact solution u of (2) belong to H&’O(Q) N HAY(Q), and let u, be the
solution of the space-time IgA scheme (9). Then we get

b a
lu— unlln < (1+22) infflu = vilns, (10)
e VhE Von
1
where ||thN* = (||v||z+zn 1Onh) HIVIE, . +Z’n" 2||v2—1||2 - 1))2 and
1
Iviln = (Z( IVxvliF2q,) +0n hn 10evIIT2 g, T3 H[["MLZ(L 1) ) H vliz2 ZN)) g

n=1

Proof: ||u — upllp < [|u— vil[n + [[vh — uslln

pellve — upll? < an(vh — up, vis — up) = ap(vh — u, vh — up)

Introduction Time Multi-Patch Space-Time IgA
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Approximation Error Estimate

Theorem (Approximation Theorem)

Let p,+1> V¢, >2 and p, +1 > m, > 1 be integers, and let u € L»(Q) such that

the restriction u" := ul|g, belongs to H'»™1(Qy) forn=1,..., N. Then there exists a
quasi-interpolant MN,u € Vj, such that

N
la = Ppul2,, =( 32 (19 = NG0B g,y + n hn 19 — M) g,

n=1

i n—17/2 1 N 2
+ S = M) i, ) + 5o = MYl )

N N
1 _ _
+Z H'“'_I-IzuHiz(Qn)—i_X:H(u_ n; lu)n* IH%Z(Z -1)
n=1 enh” n=2 !

n=1

Introduction Time Multi-Patch Space-Time IgA
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A priori Discretization Error Estimate

Theorem (A priori Disscretization Error Estimate)

N
- _ 2(mp— 1
lu — unlln < (1 + %)Z (& (B + B D) 0y

€ n=1

We remark that for the case of highly smooth solutions, i.e., p + 1 < min(¢,, m,), the
above estimate takes the form

N
llu—unlln < C D7 B lull yortpei(qy)

n=1

<cC thu||HP+1,P+1(Q)

where the last estimate holds if u € HPT1PT1(Q) and h = max{h,} is assumed

Intro Time Multi-Patch Space-Time IgA
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(sp cG, mp dG) IgA for d =1 and p =2,3,4

2
g
$ 3 g
: 2
G: 9]
<
g
-0.4: =
=l
5
2
o
-0.8:
-1.00

102 107
meshsize h
Conclusi
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(sp cG, mp dG) IgA ford =1 and p=2,3,4

Error in the dG-norm and convergence rate for the exact solution

u(x, t) = sin(mx)sin(5(t + 1))

and for B-Spline degrees 2,3 and 4

p=2 p=3 p=4
refinement error eoc error eoc error eoc
0 2.85633E-02 - 3.85617E-02 - 9.18731E-03 -
1 5.68232E-02 2.33 | 7.15551E-03 2.43 | 7.87619E-04 3.54
2 1.34212E-02 2.08 | 8.11296E-04 3.14 | 4.62549E-05 4.09
3 3.30721E-03 2.02 | 9.84754E-05 3.04 | 2.90675E-06 3.99
4 8.23704E-04 2.01 | 1.22142E-05 3.01 | 1.84067E-07 3.98
5 2.05716E-04 2.00 | 1.52376E-06 3.00 | 1.16139E-08 3.99
6 5.14138E-05 2.00 | 1.90375E-07 3.00 | 7.29917E-10 3.99
7 1.28522E-05 2.00 | 2.37936E-08 3.00 | 4.85647E-11 3.91

Introduction

Time Multi-Patch Space-Time IgA
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(mp cG, mp dG) IgA ford =1and p=2,3

p=2 p=3 |
error €eocC error eocC
0.0724164 0.00679753

0.0155074 2.22 | 0.000845039 3.01
0.00357715  2.12 | 0.000101469 3.06
0.000858059 2.06 | 1.24268e-05 3.03
0.000210051 2.03 | 1.53787e-06 3.01
5.19582e-05 2.02 | 1.91282e-07 3.01
1.29204e-05 2.01 | 2.38512e-08 3.00

Introduction Time Multi-Patch Space-Time IgA
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One huge system of IgA equations

Once the basis is chosen, the IgA scheme (9) can be rewritten as a
huge system of algebraic equations of the form

Lhuh = fh (11)

for determining the vector uy, = ((u1,;)icz,. - - -, (Un.)iezy) € RV
of the control points of the IgA solution

Uh(X, t) = Z Un,i@n,i(Xa t), (X7 t) S ana n= 1a ceey N>
i€Ln

solving the IgA scheme (9). The system matrix Ly, is the usual
Galerkin (stiffness) matrix, and f; is the rhs (load) vector.
The matrix Ly is non-symmetric, but positive definite !

Introduction Time Multi-Patch Spac Space-Time Solvers

www.oeaw.ac.at U. Langer, Parallel Space-Time IgA Solvers



AW RICAN XU

System Matrix Ly,

The Galerkin matrix L, can be rewritten in the block form

A;
-B> A
L, = —Bs A3

—By Ay

with the matrices
A, = me OKpt+Kpx@Mpforn=1,... N,
B, =M, ®N,:forn=2,... . N.

In Time Mult Space-Time Solvers
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Parallel Space-Time Multigrid Solvers

Solve

A;

-B, A
Lyu, = £, with L, =

By Ay

by the time-parallel MGM proposed by Gander & Neumiiller ('16):

Ingredients:
m Time-Restriction and Prolongation

m Smoother

Int io Time Multi-Patch Space Space-Time Solvers
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Time-Restriction

Two time-slabs are restricted to a single time-slab.
Assumption: Same basis on each slab.

Space-Time Solvers
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Inexact damped block Jacobi smoother:
up = 4, 4w, [fh - Lhuh(k)} fork=1,2,...

with w; = % and w; = %Dh = diag{An}n=1,..n
m Parallel w.r.t. time

m Replace D;l by multigrid [A)g1 w.r.t space — parallel in space

In i ult Space-Time Solvers
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arallel Solver

Figure: Computational spatial domain 2 decomposed into 4096 elements
(left) and distributed over 32 processors (right). The IgA solution

un(x, t) =~ u(x, t) = sin(mxy) sin(mxz) sin(mwx3) sin(mt) is
plotted at t = 0.5.

Space-Time Solvers
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Parallel Solver Studies for d =3 and p=1

Convergence results in the || - ||, - norm for the regular solution
u(x, t) = sin(mx1) sin(mxz) sin(mx3) sin(7t)

as well as iteration numbers and solving times for the parallel
space-time multigrid preconditioned GMRES method on Vulcan

N overall dof | ||u— un|ls eoc & C cores | iter | time [s]
1 1125 | 3.56223E-01 - 1 1 1 1 0.03
2 13122 | 1.77477E-01 1.01 1 2 2| 13 1.87
4 176 868 | 8.86255E-02 1.00 1 4 4| 15 21.47
8 2 587 464 | 4.42868E-02 1.00 4 8 32 | 15 100.48
16 39 546 000 | 2.21376E-02 1.00 32 16 512 | 17 94.32

32 618 246 432 | 1.10675E-02 1.00 256 32 8192 | 17 162.90
64 | 9 777 365 568 | 5.53340E-03 1.00 | 2048 64 | 131072 | 17 211.33

Introduction ime N i-Patch Space-Ti Space-Time Solvers
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Parallel Solver Studies for d =3 and p=1

Convergence results in the norm || - ||, for the low regularity solution

u(x, t) = cos(fx1) cos(Bx2) cos(Bx3)(1 — 1)* € H>*+374(Q),
with o = 0.75 and 5 = 0.3, for an arbitrary s > 2 and for an
arbitrary small £ > 0, as well as iteration numbers and solving

times for the parallel space-time multigrid preconditioned GMRES
method on Vulcan BlueGene/Q at LLNL

N overall dof | |lu— up|ln eoc & C cores | iter | time [s]
1 1125 | 1.58022E-02 - 1 1 1 1 0.03
2 13 122 | 8.88627E-03 0.83 1 2 2| 13 2.00
4 176 868 | 5.41668E-03 0.71 1 4 4| 15 21.48
8 2 587 464 | 3.33881E-03 0.70 4 8 32 | 15 100.57

6 39 546 000 | 2.05545E-03 0.70 32 16 512 | 17 94.43
32 618 246 432 | 1.25859E-03 0.71 256 32 8192 | 17 171.83
64 | 9 777 365 568 | 7.65921E-04 0.72 | 2048 64 | 131072 | 17 211.49

Introduction
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New Space-Time Multigrid Solver / Preconditioner

Utilizing the tensor product structure
A=A,=K: @M, +M;K,,

to construct a cheap approximation AL to A1, i.e., D! to D1
un Kt#KtTv Mt#MLT

m K; and M; are small (“1d” - matrices) compared to
K, and M ("1d,2d,3d" - SPD-matrices).

Int io Time Multi-Patch Space / Space-Time Solvers
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New Space-Time Multigrid Solver / Preconditioner

Utilizing the tensor product structure
A=A,=K: @M, +M;K,,

to construct a cheap approximation AL to A1, i.e., D! to D1
m K, K/, M, AM]
m K; and M; are small (“1d” - matrices) compared to
K, and M ("1d,2d,3d" - SPD-matrices).
m Idea: Perform decomposition of M; 'K,
Fast Diagonalization: M, 'K, = XDX~!, X, D e Crx"
Complex-Schur: M; 'K, = QTQ*, Q,T e C"*"

Real-Schur: M; 'K, =QTQ7, Q,T cRm*
B Ref.: Sangalli & Tani (2016), Tani (2017) for elliptic BVP

Introduction Time Multi-Patch Spac f Space-Time Solvers & Outlooks
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Fast Diagonalization

Eigenvalue decomposition M, 'K; = XDX ! i.e. K;X = M;XD
m D = diag()\;). \j € C (Eigenvalues)
m X € C"*™ (Eigenvectors), X 1 # X*!
Defining Y := (M X) ! gives
= M, =Y 1X!
m K, =Y IDX!
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Fast Diagonalization

Eigenvalue decomposition M, 'K; = XDX !, i.e. K;X = M XD
m D =diag()\;), A\; € C (Eigenvalues)
m X € C"*™ (Eigenvectors), X 1 # X*!
Defining Y := (M X) ! gives
s M, =Y IX!
m K, =Y DX!
Hence, we obtain
Al=(Ki@M,+M; @ K,)™?
— (Y Tal)-DeM, +10K,)- (X Tal) ™
=Xe)- (DM +12K,)t(Y®I)

diag((Kx+A;My)~1)
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Solver for K, + \;M,

m Casel: )\, e RT:
m K, + A\;M,...SPD matrix ~ solvers available, e.g., DD, MG
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Solver for K, + \;M,

m Casel: )\, e RT:

m K, + A\;M,...SPD matrix ~ solvers available, e.g., DD, MG
mCase2: \j=a;+3i1ieC, a;>0:

L (KX + AIMX)H # Kx + )\iMx

m Rewrite as symmetric, indefinite problem:

Z' L Kx+aiMx /8Mx
T /BMX _(Kx+aiMx)
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Solver for K, + \;M,

m Casel: )\, e RT:

m K, + A\;M,...SPD matrix ~ solvers available, e.g., DD, MG
mCase2: \j=a;+3i1ieC, a;>0:

L (KX + AIMX)H # Kx + )\iMx

m Rewrite as symmetric, indefinite problem:

Z, — Kx+aiMx /BMX
T BMX _(Kx+04iMx)
m Robust preconditioner! cond»(P; *A;) < \/2:
p . (Ket (i + |Bi[)Mx 0
T 0 K + (ai + |Bi| )M

m K, + (a; +[5;])M, is a SPD matrix ~ DD, MG

'W. Zulehner, SIAM J. Matrix Anal. & Appl., 32(2), 536-560, 2011
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Numerical Tests

m Parallel application for each i = 1,...,n;
m Unfortunately, cond>(X) >> 1 (Eigenvectors)
m Reliable approximation A only for small n;.

Lne—pll p=2] p=3] p=4[p=5[] p=6] p=7] p=8]
2 64 309 362 766 1706 3907 9501
4 481 1036 3037 9419 41959 39323 | 73946
8 2869 16118 39693 | 74370 | 180054 | 472758 | le+06
16 34332 | 188263 | 463148 | 1e+06 | 6e406 | 3e+07 | le4-08
32 || 701306 | 2e4-06 le+07 | 6e+07 | 4e+08 | 7e+09 | 1le+10
64 5e+07 | 4e+07 | 3e+08 | 3e+09 | 6e+10 | 3e+11 | le+12

128 2e+08 | 1e+09 | le+10 | 3e+11 | 2e+13 | b5e+13 | 4e+14

Table: condition number of X : §# = 0.01 and |t;;1 — t;| = 0.1.
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Complex Schur decomposition

The complex Schur decomposition gives M, 'K; = QTQ*
m T = upperTriag(T;) € C, T;; = \; (Eigenvalues)
B Qe Cnxne with Q1 = Q* — condz(Q) = 1.
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Complex Schur decomposition

The complex Schur decomposition gives M, 'K; = QTQ*
m T = upperTriag(T;) € C, T;; = \; (Eigenvalues)
B Qe Cnxne with Q1 = Q* — condz(Q) = 1.
Again, by defining Y := (M.:Q*) !, we obtain
s M, =YIQ
m K, =YITQ.

Hence, we have

Al = (M@ K + Ky @ M)
Q@) (TeM +10K,) - (Yal)
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Complex Schur decomposition (cont.)

T ® M, + | ® K, has the following structure

KX+)\1MX T]_QMX
0 Kx+)\2Mx T23MX

. O - . Tnt—lntMX
O e 0 KX + )\ntMX

m Application is done staggered
m K, + \;M, has the same structure as in the diagonal case.

m Real Schur decomposition works similar
~ only real arithmetic.
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YETI-footprint: Space mp cG & time mp dG IgA
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Numerical Tests: Spatial Solver: K, + A\;My

m )\ cC
® MinRes method with tolerance = = 108

m (K, + (o +|8:])My) "t ~ Direct solver

Maximum number of iterations for i = 1,..., n;.

ref. xand t | p=2|p=3|p=4|p=5|p=6
18 22 22 22 22
20 22 22 22 21
22 22 22 21 21
22 22 22 21 21
22 22 22 20 22

1B W
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Numerical Tests: Sparse Direct Solver

m Degree py,pr =(3,3); 60 =0.01land |t; — t;—1| =0.1

m A; ~ MinRes with ¢ = 10~ (It. < 10).

m (K + (o +[B8;[)My) 1 ~ Direct solver

m Direct Solver: PARDISO

m Tolerance Multigrid £ = 1078

#dofs ref | #slabs | MG-It Direct Diag

x t Setup Solving | Setup Solving

15950 | 2 3 2 7 1.9 0.7 0.04 2.3
97020 | 3 3 4 7 38.6 8.5 0.3 19.4
665720 | 4 3 8 7 | 1008 94.6 3.7 183.8
#dofs ref | #slabs | MG-It C-Schur R-Schur
15950 | 2 3 2 7 0.05 2.4 0.04 1.3
97020 | 3 3 4 7 0.5 19.9 0.3 11.1
665720 | 4 3 8 7 5.4 187.3 3.7 108.0

Introduction
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Numerical Tests: Parallelization in time - Real Schur

m Degree py., p; = (3,3), refinement ry, r; = (2,3)
m 0 =0.01and |t; — ti_1| = 0.1;
m (K, + (o +[B8;[)My)~ 1 ~ Direct solver
m Direct Solver: PARDISO
m Tolerance ¢ = 108
m #slabs = #Processors.
#dofs | #slabs | MG-It. | Setup  Solving
48510 2 7 | 0.088 2.8
97020 4 7 | 0.092 3.1
194040 8 7 | 0.003 3.2
388080 16 7 | 0.093 3.3
776160 32 7 | 0.004 3.4
1552320 64 7 | 0.096 35
3104640 128 7 | 0.100 3.5
6209280 256 7 | 0.104 3.9 2 e e e
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Parallelization in Space & Time — Complex Schur

m Spatial domain YETI-Footprint (84 patches)
m Degree p,, pr = (3,3), 0 =0.01 and t € [0, 4]

m Parallel MG as preconditioner/solver for spatial problems

#dofs | refs | #sl. | Ciotar | ¢« | ¢ | it | Setup  Solving
42028 1 4 2 1 2 6 0.37 431.4
84056 1 8 4|1 4 |6 0.39 441.4
193368 2 8 16 | 4 4 |6 0.90 292.5
386736 2 16 32| 4|8 |7 0.46 345.3
1092784 3 16 128 | 16 | 8 7 0.55 360.8
2185568 3 32 256 | 16 | 16 | 7 0.72 326.7
4371136 3 64 | 512 | 16 | 32 | 7 0.80 358.3
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Parallelization in Space & Time — Real Schur

m Spatial domain YETI-Footprint (84 patches)
m Degree p,, pr = (3,3), 0 =0.01 and t € [0, 4]

m Parallel MG as preconditioner/solver for spatial problems

#dofs | refs | #sl. | Crotar | o | ¢ | it | Setup Solving
42028 1 4 2 1 2 9 0.37 316.1
84056 1 8 4|1 4 9 0.39 322.2
193368 2 8 16 4 4 10 0.42 241.3
386736 2 16 32| 4 | 8|10 0.44 245.7
1092784 3 16 128 | 16 | 8 11 0.53 267.2
2185568 3 32 256 | 16 | 16 | 11 0.54 270.6
4371136 3 64 512 | 16 | 32 | 11 0.76 296.9
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Parallelization in Space & Time — Real Schur

m Spatial domain YETI-Footprint (84 patches)
m Degree p..pr = (3,3), # =0.01 and t € [0, 4]
m Parallel MG as preconditioner/solver for spatial problems

#dofs | refs | #sl. | Crotar | & | it | Setup Solving | serial ¢ =1
42028 1 4 2|11 2 9 0.37 316.1 | 0.59 36.1
84056 1 8 411 4 9 0.39 3222 | 1.06 71.9
193368 2 8 16 | 4 4 | 10 0.42 2413 | 1.02 457
386736 2 16 32| 4 8 | 10 0.44 2457 | 1.86 90.9
1092784 3 16 | 128 |16 | 8 | 11 0.53 267.2 | 1.79 91.1
2185568 3 32| 256 | 16 | 16 | 11 0.54 270.6 | 3.41 179.8
4371136 3 64 | 512 | 16 | 32 | 11 0.76 2969 | 6.53 377.8
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Numerical Tests: Parallelization in Space & Time

m Alternative Version — non-symmetric IETI-DP for A,
m Spatial domain Q: 4 x 4 square grid

m Degree py, pr = (3,3), # = 0.01 and |t; — t;_1| = 0.1.
m GMRes-IETI-DP in the smoother (3 lterations).

m Coarsening only in time!

#dofs | ref x | #sl. | Ciorar | & | ¢ | It. | Setup Solving
23276 2 4 211 2 8 5.7 22.3
46552 2 8 4|11 1] 4|8 6.9 29.5
93104 2 16 8|1 1] 8| 8 8.3 36.6
267696 3 16 32| 4] 8| 8 9.7 445
535392 3 32 64 | 4 |16 | 8 11.3 54.0
1774432 4 32| 256 |16 |16 | 7 9.6 82.5
3548864 4 64 | 512 |16 | 32 | 10 11.6 185.3
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Conclusions & Outlooks
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Space-time IgA: space singlepatch cG and time-multipatch dG
Space-time IgA: space multipatch c¢G and time-multipatch dG

Space-time IgA: Fast generation via tensor techniques

Space-time IgA: Fast parallel solvers
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Space-time IgA: space singlepatch cG and time-multipatch dG
Space-time IgA: space multipatch c¢G and time-multipatch dG

|
|
m Space-time IgA: Fast generation via tensor techniques
m Space-time IgA: Fast parallel solvers

|

Functional a posteriori estimates and THB-Spline adaptivity
= joint work with S. Matculevich and S. Repin
= talk by Svetlana Matculevich on Thursday !

space-time multipatch dG IgA + adaptivity + fast generation
+ efficient parallel solvers 777
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m Space-time IgA: space singlepatch cG and time-multipatch dG

m Space-time IgA: space multipatch cG and time-multipatch dG
m Space-time IgA: Fast generation via tensor techniques
m Space-time IgA: Fast parallel solvers
m Functional a posteriori estimates and THB-Spline adaptivity
= joint work with S. Matculevich and S. Repin
= talk by Svetlana Matculevich on Thursday !
m space-time multipatch dG IgA + adaptivity + fast generation

+ efficient parallel solvers 777

m Adaptive Space-Time FEM
— talk by Andreas Schafelner on Tuesday !

Int io Time Multi-Patch Space s Conclusions & Outlooks

www.oeaw.ac.at U. Langer, Parallel Space-Time IgA Solvers



AW RICAN XU

Numerical Results: Parallel Solution for p

|

2d fixed spatial domain Q = (0, 1)? yielding @ = Q x (0, T) = (0,1)3
Exact solution: u(x, t) = sin(mxq) sin(mwx2) sin(mt)

Figure shows space-time decomposition with 64 subdomains

Table shows parallel performance of the parallel AMG hypre preconditioned GMRES

stopped after the relative residual error reduction by 1010 1
Dofs v = upll, () Rate iter time [s] cores
8 3.65528e-01 - 1 0.01 1
27 9.39008e-02 1.961 2 0.01 1
125 2.32674e-02 2.013 6 0.01 1
729 5.75635e-03 2.015 15 0.07 64
4913 1.43198e-03 2.007 16 0.14 64
35937 3.57217e-04 2.003 19 0.40 64
274 625 8.92171e-05 2.001 24 1.04 1024
2 146 689 2.22941e-05 2.001 29 3.65 1024
16 974 593 5.57231e-06 2.000 36 21.40 1024
135 005 697 1.39293e-06 2.000 50 36.26 8 192
1 076 890 625 3.48206e-07 2.000 63 156.50 16 384

This example was computed on the supercomputer Vulcan BlueGene/Q in Livermore by M. Neumiiller.
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Supercomputing Results on Vulcan: (3+1)D, p =1

3d fixed spatial domain = (0,1)? yielding @ = Q x (0, T) = (0,1)*

Exact solution: u(x, t) = sin(mwx1) sin(7x2) sin(7wx3) sin(7t)

Table shows parallel performance of the parallel AMG hypre preconditioned GMRES
stopped after the relative residual error reduction by 10° |

dofs | |lu— unll,(q) | rate | iter | time [s] cores

16 | 2.61353e—01 - 1 0.01 1

81l | 7.24784e—02 | 1.85 | 2 0.01 1
625 | 1.75301e—02 | 2.05 | 6 0.02 16
6 561 | 4.32537e—03 | 2.02 | 8 0.06 16

83 521 | 1.07679¢e—03 | 2.01 | 10 0.61 512
1185921 | 2.68823e—04 | 2.00 | 12 2.25 512

17 850 625 | 6.71720e—05 | 2.00 | 15 15.92 | 16 384
276 922 881 | 1.67895e—05 | 2.00 | 21 53.78 | 16 384
4 362 470 401 | 4.19714e—06 | 2.00 | 30 | 186.42 | 65 536
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THANK YOU VERY MUCH !

SolutionFiel«
§2.997'I 16
80
=60

e 4D
20

0
et -11.78672
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