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Introduction The Poisson-Maxwell-Stefan System FEM in entropy variables Summary and open questions

Motivation and Application

Goal: Analyse reaction diffusion models for electrically charged
mixtures.

Example: Electrolytes in electrochemical devices

Photo of (flexible) Dye-sensitized Solar Cells [14],
cropped. Photographer: Armin Kübelbeck,
CC-BY-SA, Wikimedia Commons

Electrolytes:

Solvent and dissolved
positive and negative
ions

Multicomponent mixture

Solvent-Solute
interaction

Solute-Solute
interactions

1S. Psaltis and T. Farrell. Comparing charge transport predictions for a ternary electrolyte using the
Maxwell-Stefan and Nernst-Planck equations. Journal of The Electrochemical Society 158.1 (2011), A33-A42.
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CC-BY-SA, Wikimedia Commons

Electrolytes:

Solvent and dissolved
positive and negative
ions

Multicomponent mixture

Solvent-Solute
interaction

Solute-Solute
interactions

1S. Psaltis and T. Farrell. Comparing charge transport predictions for a ternary electrolyte using the
Maxwell-Stefan and Nernst-Planck equations. Journal of The Electrochemical Society 158.1 (2011), A33-A42.

3 / 16



Introduction The Poisson-Maxwell-Stefan System FEM in entropy variables Summary and open questions

Motivation and Application

Goal: Analyse reaction diffusion models for electrically charged
mixtures.

Example: Electrolytes in electrochemical devices

Photo of (flexible) Dye-sensitized Solar Cells [14],
cropped. Photographer: Armin Kübelbeck,
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Introduction The Poisson-Maxwell-Stefan System FEM in entropy variables Summary and open questions

Physical quantities and assumptions

For i = 1, . . . ,N components, y ∈ Ω ⊂ Rd and t > 0 we define

ρi (y , t) ... mass density,

Mi ... molar mass,

ci (y , t) = ρi (y , t)/Mi ...
molar concentration,

xi (y , t) = ci (y , t)/|c | ...
molar fraction.

zi ... formal charge,

Φ ... Electrical potential,

ri (y , t) ... reaction term,

Ji (y , t) ... partial flux,

Assume
∑N

i=1 Ji =
∑N

i=1 ri = 0.

Continuity and Poisson equation:

∂tρi + div(Ji ) = ri ,
N∑
i=1

ρi = ρ∗ := 1.

− λ∆Φ =
N∑
i=1

zici + f (y),
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Introduction The Poisson-Maxwell-Stefan System FEM in entropy variables Summary and open questions

Maxwell-Stefan equations

By assumption: ρN = 1−
∑N−1

i=1 ρi and JN = −
∑N−1

i=1 Ji .

∂tρi + div(Ji ) = ri , i = 1, . . . ,N − 1.

General solution - Maxwell-Stefan equations:

Di = −
∑
j 6=i

dij(ρjJi − ρiJj),

with dij = 1/(|c|2MiMjDij).

For isobaric and isothermal process:

Di = ∇xi + β(zixi − ρi (z · x))∇Φ

In short, with D ′ := (D1, . . . ,DN−1):

D ′ = AJ ′, A ∈ RN−1×N−1.
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Introduction The Poisson-Maxwell-Stefan System FEM in entropy variables Summary and open questions

The Poisson-Maxwell-Stefan system

Let ρ′ := (ρ1, . . . , ρN−1), then for ρ ∈ RN , t > 0, y ∈ Ω, we have

∂tρ
′ = div(A−1(ρ)D ′(ρ,Φ)) + r ′(ρ), ρN = 1−

N−1∑
i=1

ρi ,

D ′(ρ,Φ) = (∇xi + β(zixi − ρi (z · x))∇Φ)N−1
i=1 ,

− λ∆Φ =
N∑
i=1

zici + f (y),

For N = 3:

A−1(ρ) =
1

δ(ρ)

(
d23 + (d12 − d23)ρ1 (d13 − d12)ρ1

(d23 − d12)ρ2 d13 + (d12 − d13)ρ2

)
and dij = 1/(|c |2MiMjDij), Dij = Dji > 0.

6 / 16



Introduction The Poisson-Maxwell-Stefan System FEM in entropy variables Summary and open questions

The Poisson-Maxwell-Stefan system

Let ρ′ := (ρ1, . . . , ρN−1), then for ρ ∈ RN , t > 0, y ∈ Ω, we have

∂tρ
′ = div(A−1(ρ)D ′(ρ,Φ)) + r ′(ρ), ρN = 1−

N−1∑
i=1

ρi ,

D ′(ρ,Φ) = (∇xi + β(zixi − ρi (z · x))∇Φ)N−1
i=1 ,

− λ∆Φ =
N∑
i=1

zici + f (y),

For N = 3:

A−1(ρ) =
1

δ(ρ)

(
d23 + (d12 − d23)ρ1 (d13 − d12)ρ1

(d23 − d12)ρ2 d13 + (d12 − d13)ρ2

)
and dij = 1/(|c |2MiMjDij), Dij = Dji > 0.

6 / 16



Introduction The Poisson-Maxwell-Stefan System FEM in entropy variables Summary and open questions

The Poisson-Maxwell-Stefan system

Let ρ′ := (ρ1, . . . , ρN−1), then for ρ ∈ RN , t > 0, y ∈ Ω, we have

∂tρ
′ = div(A−1(ρ)D ′(ρ,Φ)) + r ′(ρ)

, ρN = 1−
N−1∑
i=1

ρi ,

D ′(ρ,Φ) = (∇xi + β(zixi − ρi (z · x))∇Φ)N−1
i=1 ,

− λ∆Φ =
N∑
i=1

zici + f (y),

For N = 3:

A−1(ρ) =
1

δ(ρ)

(
d23 + (d12 − d23)ρ1 (d13 − d12)ρ1

(d23 − d12)ρ2 d13 + (d12 − d13)ρ2

)
and dij = 1/(|c |2MiMjDij), Dij = Dji > 0.

6 / 16



Introduction The Poisson-Maxwell-Stefan System FEM in entropy variables Summary and open questions

The Poisson-Maxwell-Stefan system

Let ρ′ := (ρ1, . . . , ρN−1), then for ρ ∈ RN , t > 0, y ∈ Ω, we have

∂tρ
′ = div(A−1(ρ)D ′(ρ,Φ)) + r ′(ρ), ρN = 1−

N−1∑
i=1

ρi ,

D ′(ρ,Φ) = (∇xi + β(zixi − ρi (z · x))∇Φ)N−1
i=1 ,

− λ∆Φ =
N∑
i=1

zici + f (y),

For N = 3:

A−1(ρ) =
1

δ(ρ)

(
d23 + (d12 − d23)ρ1 (d13 − d12)ρ1

(d23 − d12)ρ2 d13 + (d12 − d13)ρ2

)
and dij = 1/(|c |2MiMjDij), Dij = Dji > 0.

6 / 16



Introduction The Poisson-Maxwell-Stefan System FEM in entropy variables Summary and open questions

The Poisson-Maxwell-Stefan system

Let ρ′ := (ρ1, . . . , ρN−1), then for ρ ∈ RN , t > 0, y ∈ Ω, we have

∂tρ
′ = div(A−1(ρ)D ′(ρ,Φ)) + r ′(ρ), ρN = 1−

N−1∑
i=1

ρi ,

D ′(ρ,Φ) = (∇xi + β(zixi − ρi (z · x))∇Φ)N−1
i=1 ,

− λ∆Φ =
N∑
i=1

zici + f (y),

For N = 3:

A−1(ρ) =
1

δ(ρ)

(
d23 + (d12 − d23)ρ1 (d13 − d12)ρ1

(d23 − d12)ρ2 d13 + (d12 − d13)ρ2

)
and dij = 1/(|c |2MiMjDij), Dij = Dji > 0.

6 / 16



Introduction The Poisson-Maxwell-Stefan System FEM in entropy variables Summary and open questions

The Poisson-Maxwell-Stefan system

Let ρ′ := (ρ1, . . . , ρN−1), then for ρ ∈ RN , t > 0, y ∈ Ω, we have

∂tρ
′ = div(A−1(ρ)D ′(ρ,Φ)) + r ′(ρ), ρN = 1−

N−1∑
i=1

ρi ,

D ′(ρ,Φ) = (∇xi + β(zixi − ρi (z · x))∇Φ)N−1
i=1 ,

− λ∆Φ =
N∑
i=1

zici + f (y),

For N = 3:

A−1(ρ) =
1

δ(ρ)

(
d23 + (d12 − d23)ρ1 (d13 − d12)ρ1

(d23 − d12)ρ2 d13 + (d12 − d13)ρ2

)
and dij = 1/(|c |2MiMjDij), Dij = Dji > 0.

6 / 16



Introduction The Poisson-Maxwell-Stefan System FEM in entropy variables Summary and open questions

The Poisson-Maxwell-Stefan system

Let ρ′ := (ρ1, . . . , ρN−1), then for ρ ∈ RN , t > 0, y ∈ Ω, we have

∂tρ
′ = div(A−1(ρ)D ′(ρ,Φ)) + r ′(ρ), ρN = 1−

N−1∑
i=1

ρi ,

D ′(ρ,Φ) = (∇xi + β(zixi − ρi (z · x))∇Φ)N−1
i=1 ,

− λ∆Φ =
N∑
i=1

zici + f (y),

For N = 3:

A−1(ρ) =
1

δ(ρ)

(
d23 + (d12 − d23)ρ1 (d13 − d12)ρ1

(d23 − d12)ρ2 d13 + (d12 − d13)ρ2

)
and dij = 1/(|c |2MiMjDij), Dij = Dji > 0.

6 / 16



Introduction The Poisson-Maxwell-Stefan System FEM in entropy variables Summary and open questions

Known analytic results without electrical potential

Bothe ’11: Rigorous inversion of flux relation, D = AJ, and
local existence of solutions [1].

Jüngel and Stelzer ’13: Global existence for equal molar mass
and d ≤ 3 [11].

Chen and Jüngel ’15, Marion and Temam ’15: Global
existence for different molar mass and d ≤ 3 [6, 12].

Daus, Jüngel and Tang ’18: Exponential time decay with
more involved reaction terms [7].
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Introduction The Poisson-Maxwell-Stefan System FEM in entropy variables Summary and open questions

Assumptions:

A1 Domain and BC: Ω ⊂ Rd is bounded with
∂Ω = ΓDi ∪ ΓNe ∈ C 0,1, ΓDi ∩ ΓNe = ∅ and meas(ΓDi ) > 0.

Ji · ν = 0 on ∂Ω, i = 1, . . . ,N,

∇Φ · ν = 0 on ΓNe , Φ = ΦD on ΓDi ,

with ΦD ∈ H1(Ω) ∩ L∞(Ω).

A2 Initial data: ρ0
1, . . . , ρ

0
N ≥ 0 and

∑N
i=1 ρ

0
i = 1.

A3 Background charge: f ∈ L∞(Ω).

A4 Production rates: r ∈ C ([0, 1]N ;R),∑N
i=1 ri (ρ) log xi ≤ Cr for all 0 < ρ1, . . . , ρN ≤ 1.
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Introduction The Poisson-Maxwell-Stefan System FEM in entropy variables Summary and open questions

Global nonnegative weak solutions:

Theorem (O.L. and A. Jüngel, work in progress)

Let A1-A4 hold. There exist, for every T > 0, bounded weak
solutions ρ1, . . . , ρN ∈ [0, 1] satisfying

ρi ∈ L2(0,T ;H1(Ω)), ∂tρi ∈ L2(0,T ; (H1(Ω))′),

Φ ∈ L2(0,T ;H1(Ω)), i = 1, . . . ,N − 1,

such that ρN = 1−
∑N−1

i=1 ρi .

9 / 16



Introduction The Poisson-Maxwell-Stefan System FEM in entropy variables Summary and open questions

Global nonnegative weak solutions:

Theorem (O.L. and A. Jüngel, work in progress)

Let A1-A4 hold. There exist, for every T > 0, bounded weak
solutions ρ1, . . . , ρN ∈ [0, 1]

satisfying

ρi ∈ L2(0,T ;H1(Ω)), ∂tρi ∈ L2(0,T ; (H1(Ω))′),

Φ ∈ L2(0,T ;H1(Ω)), i = 1, . . . ,N − 1,

such that ρN = 1−
∑N−1

i=1 ρi .

9 / 16



Introduction The Poisson-Maxwell-Stefan System FEM in entropy variables Summary and open questions

Global nonnegative weak solutions:

Theorem (O.L. and A. Jüngel, work in progress)
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Introduction The Poisson-Maxwell-Stefan System FEM in entropy variables Summary and open questions

Key idea: Entropy structure

Define entropy by

h(ρ) := |c |
N∑
i=1

xi (log xi − 1) + |c |+ βλ

2
|∇(Φ− ΦD)|2.

Entropy inequality (r = 0 and ΦD constant):

d

dt

∫
Ω
h(ρ)dy = −

N−1∑
i ,j=1

∫
Ω
Bij(ρ)|c |2

(
Dj

ρj
− DN

ρN

)(
Di

ρi
− DN

ρN

)
dy ≤ 0,

with B(ρ) = (Bij(ρ))N−1
i ,j=1 symmetric, positive definite and

bounded if ρ ∈ (0, 1]N . In this case:

|c |
(
Di

ρi
− DN

ρN

)
= ∇

(
∂h

∂ρi
− ∂h

∂ρN

)
(

= ∇
(

log(xi )

Mi
− log(xN)

MN
+ β

(
zi
Mi
− zN

MN

)
Φ

))
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i ,j=1 symmetric, positive definite and

bounded if ρ ∈ (0, 1]N . In this case:

|c |
(
Di

ρi
− DN

ρN

)

= ∇
(
∂h

∂ρi
− ∂h

∂ρN

)
(

= ∇
(

log(xi )

Mi
− log(xN)

MN
+ β

(
zi
Mi
− zN

MN

)
Φ

))
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Introduction The Poisson-Maxwell-Stefan System FEM in entropy variables Summary and open questions

Boundedness by entropy method:

Define entropy variables for i = 1, . . . ,N − 1,

ωi :=
log(xi )

Mi
− log(xN)

MN
+ β

(
zi
Mi
− zN

MN

)
Φ.

and show the inverse exists such that ρ′(ω,Φ) ∈ (0, 1).

Rewrite equation:

∂tρ
′ = div(A−1(ρ)D ′(ρ,Φ)) + r ′(ρ)→

∂tρ
′(ω,Φ) = div(B(ρ′(ω,Φ))∇ω) + r ′(ρ(ω,Φ))

.

Discretize with implicit Euler/Galerkin and regularize.

Use discrete Entropy inequality to derive apriori estimate and
pass to the limit ⇒ existence of global weak solutions.
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Introduction The Poisson-Maxwell-Stefan System FEM in entropy variables Summary and open questions

FEM in entropy variables: Implementation

Galerkin-scheme in the proof allows for standard linear finite
element spaces.

Nonlinearity and regularization:

∂tρ
′(ω,Φ) = div(B(ρ′(ω,Φ))∇ω)− ε(ω − ωD)

Recovering original variables:

ρi = |c |Mi (1− s0)Mi/MN e
Mi

(
ωi−β

(
zi
Mi
− zN

MN

)
Φ
)
,

whereby s0 ∈ [0, 1] is the solution of the fixed point problem

F (s, ωi ,Φ) =
N−1∑
i=1

(1− s)Mi/MN e
Mi

(
(ω)i−β

(
zi
Mi
− zN

MN

)
Φ
)
− s = 0,

for i = 1, . . . ,N − 1.
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Equal molar mass
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Plot with equal molar mass and N = 3, β = Mi = Dij = 1 for i , j = 1, . . . , 3,
z1 = z2 = 1, z3 = 0, λ = 0.01. 13 / 16
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Different molar mass

0 0.5 1
0

2

4

y

Φ

M1 = 1
M1 = 5

0 0.5 1
0

0.2

0.4

0.6

0.8

1

y

ρ
2

M1 = 1
M1 = 5

0 0.5 1
0

0.2

0.4

0.6

0.8

1

y

ρ
1

M1 = 1
M1 = 5

0 0.5 1
0

0.2

0.4

0.6

0.8

1

y

ρ
3

M1 = 1
M1 = 5

Plot with different molar mass M1 at time t = 4.
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Summary and open questions:

Summary

Global existence for the Poisson-Maxwell-Stefan system

New finite element scheme:

”Convergence” of approximation follows by analytic proof
Diffusion matrix is symmetric and positive definite
Preserves lower and upper bounds
Preserves a discrete version of the Entropy inequality

Open questions and challenges:

Longtime behavior and decay rate

Numerical analysis of the scheme

Efficient implementation of the scheme for d > 1
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Thank you for your attention.
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L. Boudin , D. Götz, B. Grec. Diffusion models of
multicomponent mixtures in the lung. InESAIM: Proceedings
Vol. 30 (2010), 90-103.



Bibliography: II

L. Boudin, B. Grec and F. Salvarani. A mathematical and
numerical analysis of the Maxwell-Stefan diffusion equations.
Discrete and Continuous Dynamical Systems-Series B 17.5
(2012), 1427-1440.
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A. Jüngel. The boundedness-by-entropy method for
cross-diffusion systems. Nonlinearity 28 (2015), 1963-2001.



Bibliography: III
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