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Parabolic I-BVP model problem

Find v : Q — R satisfying the linear parabolic

initial-boundary value problem (I-BVP)

Oru — divyVxu = f in Q,
u(x,0) = ug on Yo,
u=up=0 on X,

where 0 is the time derivative,
Ay = divyVy, divy and V are

Johann Radon Institute for Computational and Applied Mathematics

QcRYd=1{1,2,3},T>0
Q:=0x(0,T)
o ::Zufouf'r

T :=0Qx(0,T)

Yo 1= Q x {0}
XT =Q X {T}
x0T .
‘ T
J
X2 0

Laplace, divergence, and gradient operators in space, resp.,

ug € HE(Xo) is a given initial state,
f is a source function in L2(Q)

Problems
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Solvability results [Ladyzhenskaya, 1954]

B weak formulation:
Find u € Hy°(Q) := { v € L2(Q) : Vv € [L2(Q)]Y, v|; =0} satisfying

(%) a(u,w) =€(w), VYwe H;%(Q) ={veH? Q) : v e L2(Q), v|g, =0},

where

a(u,w) := (qu, VXW)Q — (u, 8tW)Q,
ow) = (f, W)Q + (o, w)x,-

www.ricam.oeaw.ac.at
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Solvability results [Ladyzhenskaya, 1954]

B weak formulation:
Find u € Hy°(Q) := { v € L2(Q) : Vv € [L2(Q)]Y, v|; =0} satisfying

() alu,w) =£w), YweHHQ)={veH Q) : dvel*(Q) vz, =0},
where

a(u,w) := (qu, VXW)Q — (u7 8tw)
Uw) = (f, W)Q + (o, w)x,-

Q’

W ifre2(Qr) = {v € LMQ) : o IV 2oy dt < oo} and up € L2(Q), then

there 3 a unique weak solution u € HS’O(Q) of (%) that also belongs to
Vo? o= C([0, T L2(Q)) N Hy(Q).

Svetlana Matculevich, Adaptive Space-Time IgA of Parabolic Evolution Problems
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Functional a posteriori error analysis [Repin, 2002]

B Forany v € Hy'(Q), y € HIY0(Q) := {y € [L2(Q)]7* : divxy € LX(Q)},
and 8 > 0, we have the following functional a posteriori error estimate:

1,2
lu=vIP = Vx(u=v)Ig + [l u— v, <M *(v,y:8)

with the majorant

~1,2 .
M (v, y; B) = (148) |ly = Vavlly  + (14+5) CRg  [If +divey — vl
———— —_— —
dual term ﬁé equilibration /reliability term ﬁiq

ed space-time IgA / e IgA Nume
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Functional a posteriori error analysis [Repin, 2002]

B Forany v e H)Y(Q), y € HIV0(Q) := {y € [L2(Q)]9T : divxy € L2(Q)},
and 8 > 0, we have the following functional a posteriori error estimate:

2
lu=vI?:=IVa(u=w)IG +llu—vI§, <M(v,y;5)

with the majorant

~1,2 .
M (v, y; B) = (148) |ly = Vavlly  + (14+5) CRg  [If +divey — vl
———— —_— —
dual term ﬁé equilibration /reliability term Eéq

M Main properties:

universal for any v from admissible functional space,

computable,

reliable and realistic w.r.t. the error, i.e.,, 1 < I, = ﬁ is close to 1,

efficient for adaptive strategies V), — V,

ref!

in the space-time setting, allows fully-unstructured mesh adaptation.

ed space-time Ig / i / Nume
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Stronger solvability results [Ladyzhenskaya, 1954]

B i e (2(Q) and wp € HE(Q),
then the I-BVP is uniquely solvable in

R @) = {u e (@) : A e Q)

and u continuously depends on t in the H}(£2)-norm.

ized space-time IgA daptive | Numer
[ 1o] ) .
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Stronger solvability results [Ladyzhenskaya, 1954]

B i e (2(Q) and wp € HE(Q),
then the I-BVP is uniquely solvable in

HE (@) = {u € Hy'(Q) ¢ A€ Q)
and u continuously depends on t in the H}(£2)-norm.

B Maximal parabolic regularity for 9;u — divx(A(x, t)Vxu) = f:
for f € X = LP((0, T);L9(Q2)), 1 < p,g<ocoand ug =0
there 3 C > 0, such that

[0cullx + [ldivi(A(x, £)Viu)llx < ClIflx-

Svetlana Matculevich, Adaptive ne IgA of Parabolic Evolu
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Error identity [Anjam and Pauly, 2016]

For any v € HOAX’l(Q) approximating u € HOAX’I(Q), we have the error identity:
[sx(u =)+ 10e(u = VIG + [Vx(u—=)IE,
=t flu—vl[Z,q = Bd*(v)

= || Vx(uo — V)15, + [[Axv + f = v}

Problems
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[sx(u =)+ 10e(u = VIG + [Vx(u—=)IE,
=t flu—vl[Z,q = Bd*(v)

= || Vx(uo — V)15, + [[Axv + f = v}

Note:

@ reconstruction of d?(v) does not include time overhead
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Error identity [Anjam and Pauly, 2016]

For any v € HOAX’l(Q) approximating u € HOAX’I(Q), we have the error identity:
[sx(u =)+ 10e(u = VIG + [Vx(u—=)IE,
=t flu—vl[Z,q = Bd*(v)

= [|[Vx(uo — v)||§:O + [[Axv 4+ f — ath%).

Note:

@ reconstruction of d?(v) does not include time overhead

© extra regularity u, v € HOAX’I(Q) is required (not practival for FEM) =
but natural for IgA framework!

ed space-time IgA
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Globally stabilized space-time IgA schemes

Space-time IgA
.
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IgA framework [Hughes et al., 2005]

Physical domain Q C R+ (single patch) is defined from
Parametric domain Q = (0,1)9+1 by the
Geometrical mapping ¢ : Q — Q = ®(Q) C R, &(¢) = Yier IA3,-$,7(§) P;,

- Bi, i € T, are the B-splines, NURBS, THB-splines;
- {Pi}ier € RY*! are the control points.

xp =1t
Q T
T77 ~
S =1
pu -1 I
KeKry, hd Q
—
e,
—
(o]
0| a b 0 1

Space-time IgA a e gA ptive Numer
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IgA framework [Hughes et al., 2005]

Physical domain Q C R+ (single patch) is defined from
Parametric domain Q = (0,1)9+1 by the
Geometrical mapping ¢ : Q — Q = ®(Q) C R, &(¢) = Yier Bi»(€)P;,
- Bi, i € T, are the B-splines, NURBS, THB-splines;
- {Pi}ier € RY*! are the control points.
Set of facets:
X =t Ef ={Ec&,ENOK#Q,K € Ky},

L ¢ T . Eh={E:3KK €Ky E=0KNOIK E ¢ BQ},
0 E99 —(E 3K K €Ky E=0KNOK' ENOQ # B},
pu o1 I
B I e T where /9 = X UEFT UETY, such that
e,
| bk“’/o 1 Er ={E:3K,K €Ky
= o % E=0KNOK',ENZ, # @}.

Svetlana Matculevich, Adaptive Space-Time IgA of Parabolic Evolution Problems
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Fundamentals [Bazilevs et. all., 2006],[Evans and Hughes, 2013]

Let K € Kp, and hx = diamKe;ch(K), then the inverse inequalities
Ivillox < Cineo hic 2 vallk and ([ Vvallk < Cine,1 i llvilli

hold for all v, € Vj, := span {¢s; := Bj 0 ¢71}i€1’ where Cj: 0, Cine,1 > 0 are constants
independent of K.

Let K € ICp,, then the scaled trace inequality
Ivilox < Cer hic ™ *(IIvIlk + hic [ Vv] 1)

hold for all v € Hl(K), where C;, > 0 is a constant independent of K.

Approximation error estimates

Let £,s € Nbe0< /¢ <s<p+1, u€ Hj,(Q) and K and K are element and its extension,
resp. Then, 311, : HS,Q(Q) — Vo, such that

s
v = MhvlZe g < G bl 3 ™9 i, ¥v € L(Q) N HY(K),
i=0
where cx = HVXd)HLOO(q,,l(K)), and C;5 > 0 is a constant dependent on s, /, p, and the shape
regularity of K, described by ® and V,®.

Intro Space-time IgA a lized space-time IgA Adaptive |
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Stabilized variational identity for parabolic I-BVP

Testing the —Ayu+ Oru=1F ((d + 1)-dimetional elliptic problem with convection in (d + 1)th direction)
by the upwind test function with X\, > 0

Aw+pdew, we Hyg?M(Q) = {w e s (Q) : Videw € L2(Q)},
we obtain the variational identity
a(u, Aw + pdew) =: ag(u, w) = Lo(w) == (A w + pdew)g, Yw € Hy 57N (Q)

for the solution u € Hég‘l(Q).

me IgA 2 ized space-time IgA daptive | Numer
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Stabilized variational identity for parabolic I-BVP

Testing the —Ayu+ Oru=1F ((d + 1)-dimetional elliptic problem with convection in (d + 1)th direction)
by the upwind test function with X\, > 0

Aw+pdew, we Hyg?M(Q) = {w e s (Q) : Videw € L2(Q)},
we obtain the variational identity
a(u, Aw + pdew) =: ag(u, w) = Lo(w) == (A w + pdew)g, Yw € Hy 57N (Q)

for the solution u € Hég‘l(Q).

Ayl N . .
For any v € Hy " approximating u, the error u — v is measured in terms of the norm

lu=v ]2 =X (IVx(u=v) B+ u=v I}, )+ (10e(u=v)I[+] Valu=v) 3, )-

Space-time IgA ed space-time IgA

www.ricam.oeaw.ac.at
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Stabilized variational identity for parabolic I-BVP

Testing the —A u+ Oru = f ((d + 1)-dimetional elliptic problem with convection in (d + 1)th direction)
by the upwind test function with A =1 and p =6, = 0h, 6 >0, h:= [max {hk}
ey

w8 0w, we Hyg?M(Q) = {w e Hay ' (Q) : Videw € L2(Q)},
we obtain the variational identity
a(u, w + 8, Qew) =: ag p(u, w) = Ly (W) = £(w + 8, Bew)q, Yw € Hyg 7' (Q)

for the solution u € H&ﬁ‘l(Q).

For any v € H0A5'1 approximating u, the error u — v is measured in terms of the norm

u=vIiZp = IValu=)G+Ilu=vIIE, +3 (IIat(u— o+ V(u=v) IIQzT)

Space-time IgA ed space-time IgA
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Stabilized space-time IgA scheme

IgA scheme [Langer, Moore, and Neumiiller, 2016]

Find uj, € Vop, := span {¢p; := E,;,, o ¢71}ieI NHHQ) C H@é’l(Q), ie. p>2,
satisfying
as p(un, Vi) = Ls,n(vh), Yvi € Vo,
where
as,n(un, vh) = (Oeup, v + 8 Oevh) o + (Vxtn, V(i + 85 Ot vi)) s
Ls.n(vh) := (f, vh + 6n vh)Q,

Remark: For v € Vj§,s > 2 and u;, € Vg,
there exists a priori error estimates of the form

lu—uplls,p < Ch L llullr(@y € >0 and r=min{s,p+1}.

me IgA a ce-time IgA e Numerical
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rant of the error norm || - ||s

Theorem 1 [Langer, Matculevich, and Repin, 2016]

For any approximation v € HOAX’I(Q) to u € HOAX’l(Q) and for any y € H1vx0(Q),
the error e = u — v can be estimated as follows:

A (IVxeld + llellE,) + 1 (18eeld + 1 Vxell3,) = llel?
—I,2 —I,2 g 2 1 2
<M (v, 8,0) =AM (v, 8) + (1 + @) ldivarallfy + (1 + 2) lIreall?)

where
req(v,y) = f + divxy — Orv <  Oru—divep =T,

ra(v,y) =y — Vxv = p = Vxu,
diverg(v,y) = divey — Agv.

A, >0, and B, « > 0 are auxiliary parameters.

Intro Space-time IgA

www.ricam.oeaw.ac.at
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rant of the error norm || - ||s.»

Theorem 1 [Langer, Matculevich, and Repin, 2016]

For any approximation v € HOAX’I(Q) to u € HOAX’l(Q) and for any y € H1vx0(Q),
the error e = u — v can be estimated as follows:

(IVxeliy + llellz,) + 8n (10eelld + 11 Vxellz, ) = llellZ,

—1,2 — i1 .
<V (v, i 8,0) == M2(v, i 8) + 64 (L + @) ldivralld + (1 + 2) el
where
req(v,y) = f + divxy — Orv <  Oru—divep =T,
ra(v,y) =y — Vxv = P = Vxu,

diverg(v,y) = divey — Axv.

A, >0, and B, « > 0 are auxiliary parameters.

Intro Space-time IgA
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Locally stabilized space-time IgA schemes
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Locally stabilized schemes

On each K € K}, we test the PDE 0:u — Ay u = f with
Vh + 0k Orvh, Ok = Ok hk, where 6k >0 and hy := diam(K),
yielding

(Btu—AXu, Vi + Ok 815Vh)K = (7‘-7 Vi + Ok atvh)K» Yu € HOAX’I(Q), Yvy € Vo

Locally stabilized space-time IgA
L]
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Locally stabilized schemes

On each K € K}, we test the PDE 0:u — Ay u = f with
Vh + 0k Orvh, Ok = Ok hk, where 6k >0 and hy := diam(K),
yielding
(8tu — Axu, vy, + 0k 8ch)K = (f,vh+ 0k Orvh)k, Yué€ HOAX’I(Q), Vv, € Vop.

Summing up K € K, we obtain

(Oru — Axu,vp)q + Z Ok (Oru — Dxu, Oevh) . =: atoc(u1, vi)
Keks

= lioc(vh) = (F,va)o + D Ok (F,0evh)k-
KEK)

Locally stabilized space-time IgA Adaptive IgA Nume
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Locally stabilized schemes

On each K € K}, we test the PDE 0:u — Ay u = f with
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Summing up K € K, we obtain

(Oru — Axu,vp)q + Z Ok (Oru — Dxu, Oevh) . =: atoc(u1, vi)
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Locally stabilized space-time IgA Adaptive IgA Nume
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Locally Stabilized IgA counterpart

Find v, € Vp, satisfying the variational IgA scheme

loc,h(Uns Vi) = Lioc,h(Vh),  Yup, vi € Von,

where

Atoc,h(Upy Vi) 1= (Otun, vih)Q + (Vxtn, Vxvi)@

+ > ok ((atuh,atvh);( + (quh,anch)K>
KKy

— Z 6K Z (nXE'quh,atvh)E.

Kekn  Ecgfng]

and

Cioc,n(vh) = (Fsvi)a + Y Ok (£, 9eva)k-
KEK),

Locally stabilized space-time IgA
[ ]
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-coercivity of ajc (-, )

Lemma (coercivity)

Let Ok € (0, %], K € Kh,

int,1

where Cjy; 1 is the constant in the 2nd inverse inequality.
Then, ajoc,n(un, viy) : Von x Vor — R is Vpj-coercive w.r.t. to the norm

2 2 1 2 2
Ivallioe,n = IVxvali + 3llvaliE, + D 6k 10evall%,
Keky,

i.e., there exists a constant /.. oc > 0 independent on K such that

atoc,h(Uns Vi) > tic,ioc IVallinc,p-

Nume

Intro

www.ricam.oeaw.ac.at Svetlana Matculevich, Adaptive Space-Time IgA of Parabolic Evolution Problems



AW RICAN

-coercivity of ajc (-, )

Lemma (coercivity)

Let Ok € (0, %], K € Kh,

int,1

where Cjy; 1 is the constant in the 2nd inverse inequality.
Then, ajoc,n(un, viy) : Von x Vor — R is Vpj-coercive w.r.t. to the norm

2 2 1 2 2
Ivallioe,n = IVxvali + 3llvaliE, + D 6k 10evall%,
Keky,

i.e., there exists a constant /.. oc > 0 independent on K such that

atoc,h(Uns Vi) > tic,ioc IVallinc,p-

Nume

Intro

www.ricam.oeaw.ac.at Svetlana Matculevich, Adaptive Space-Time IgA of Parabolic Evolution Problems



AW RICAN

Uniform boundedness of ajoc 4(+, ) on

Let Vop . = OAX’I(Q) + Vo equipped with the norm

2 2 —1 2 2
Ilioc = IVlioen + D (O HIvIK + Skl Axvik)-
KEK,

Lemma (boundedness)
hi
> d C?

Let O € (0
int,1

i.e., there exist a constant /15, j,c > O independent on hi such that

], K € ICp. Then, ajoc 4(-, ) is uniformly bounded on Vo . x Vo,

[210c,n(V, vi)| < tb,toc [V [lioc, b, [ Vallioc,ns Vv € Vonxs Vv € Vop.

Locally stabilized space-time IgA ptive Numerical re

www.ricam.oeaw.ac.at Svetlana Matculevich, Adaptive Space-Time IgA of Parabolic Evolution Problems



OAW RICAM

Johann Radon Institute for Computational and Applied Mathematics

Approximation properties and consistency

Lemma (approximation error estimates)

Let ,ls€INbel</<s<p+1,andu€ H;,(Q). Then, 3Ny : H; ((Q) — Vos and
C1, G, > 0, such that a priori error estimates hold

1)
Ju=TNhulfen <G Y HE ZC |4l ey,

KEK,

2 1) 2
o~ Mhilepn < G 3 HET Z Ny

KeKy

where K € [}, is the mesh element and K is its support extension on the physical
domain.

Intro

www.ricam.oeaw.ac.at
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Approximation properties and consistency

Lemma (approximation error estimates)

Let /lscINbel</<s<p+1 andu€c Hgﬁo(Q). Then, 311}, : HS’O(Q) — Vo, and
Cy, G, > 0, such that a priori error estimates hold a

S
2 2(s—1 2 2
Ju—Mpulden <G >0 MED Y R0l
KeK, i=0

s

2 2(s—1 2 2
o = Mhtle e < G D0 B D" R iy
Kekp i=0

where K € [}, is the mesh element and K is its support extension on the physical
domain.

Lemma (consistency)

Let p > 2. If the solution u € HOAX’I(Q), then it satisfies the consistency variational
identity

Ajoc,h(Us Vi) = Lioc,n(Vh), Yvi € Vop-

Intro

Locally stabilized space-time IgA Adaptive |
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A priori error estimate

Theorem (a priori error estimates)

Let p>2, ue HOAX’l(Q) N HS, s > 2, be the exact solution, and
up € Vop be a solution of discrete IgA scheme

. h
ajoc,h(Uns Vi) = Lioc,n(vVh),  Vun, vy € Vor  with O € (0, PTG 1], K € Kp.
int,

Then, the a priori error estimate

"lu_uhmloch< C Z h = ZC |U|H’ (K)? r:min{s,p—f—l},
KEKH,
holds, where p denotes the polynomial degree of the THB-splines,

G =1 %) C, is a constant independent of hy,
loc,c
K € K and its support extension K, and
loc,b and [ijoc o are constant in boundedness and coercivity inequalities, respectively.

Intro

Locally stabilized space-time IgA Adaptiv Nun

Conclusio
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Adaptive space-time IgA schemes

Adaptive IgA Numeric
°
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ts for the heat equation with Dirichlet BC

For given f € L?(Q) and up € H}(Q), find u € HOAX’I(Q)

ur—ADxu =finQ, u=uponX, u(0,x)=ugonXg.

Intro S gh bilized space-time IgA Adaptive IgA Nun
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nts for the heat equation with Dirichlet BC

For given f € L?(Q) and up € H}(Q), find u € HOAX’I(Q)

ur—ADxu =finQ, u=uponX, u(0,x)=ugonXg.

The error e = u — v = u — uy, is tracked by the norms

2 2 1 2 2 h
leWoe,n = Vel + 3lelE, + D diclloeellic, ok = Oxh, Ok € (0 85—
Keky :

Intro g/ oca ed space-time IgA Adaptive IgA Numer

www.ricam.oeaw.ac.at Svetlana Matculevich, Adaptive Space-Time IgA of Parabolic Evolution Problems



AW RICAN

Majorants for the heat equation with Dirichlet BC

For given f € L?(Q) and up € H}(Q), find u € HOAX’I(Q)

ur—ADxu =finQ, u=uponX, u(0,x)=ugonXg.

The error e = u — v = u — uy, is tracked by the norms

2 2 1 2 2 h
leWoe,n = Vel + 3lelE, + D diclloeellic, ok = Oxh, Ok € (0 85—
Keky :

For any v € HOAX’l(Q) and y € H(Q, divx), ,and B,a > 0,
we have a posteriori estimates

1,2
llell® == 1Vxellg + llell, <M (v,y:5)
and error identity

lelZ g := llAxellg + [18eellg + 1 VxellE, = Bd(v).

www.ricam.oeaw.ac.at
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. Y
Reconstruction of optimal M (

1,2

Sol , = f inf M (v,y;8"), wh
olving {¥min ,Bmm} argﬁlln . yEH(IS i) (v,y;8"), where
—1,2 .
MY (v, yi 8) 1= (14 8Y) ly = Vavlly +(1+ &) Gl |If + diviy — duv
S——— —
i i
leads to

M the auxiliary variation problem for the optimal y ;. i.e.,

Fn (leX.lenaleXn)Q+(ym1n,77)Q = (f Otv, leXn)Q+(VXV "7)

I I
Brain  Bhuin

W with the optimal L

min - Tl .

ized space-time IgA Adaptive IgA Numer
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IgA spaces for up approximation

Vy, = Sf = span {é,-,p},
up €V = S,‘: = {Vh o ¢_1} N H&D(Q) = span{qﬁhJ = E,-yp o ¢_1}ieI n H&D(Q).

Adaptive IgA
L]
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IgA spaces for up approximation

Vh = Sf = span {é,-,p},
{Vh o ¢_1} n H&D(Q) 1= span {¢h,i = E,-yp o ¢_1}ieZ n H&D(Q).

up EVp =8P

Generated approximation vy, is presented as

up(x) = ZE:‘ on,i(x), uy:=[uilier € R
i€z
where u,, is a vector of DOFs defined by a system
Kpuy = fh, ¢ tas(up) + tso1(un)
z
Ky = [as,h(¢>h,i,¢h,j)],-7j,

z

£y = [ls,n(Pn,)]; -

ized space-time IgA Adaptive IgA Numer
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IgA spaces for the flux reconstruction y,,

Y, = ®d+1§;7’

yh=1 ... | €Y= EBdJrlSZ = {Vh o ¢'71} = span{z,bh’,- = [@,-,q]dJrl o ¢71}ieI

Adaptive IgA
[ ]
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IgA spaces for the flux reconstruction y,,

S}h =& 13\;,7,
1
y,g)

Yn= i cYy= EBdJrlSZ = {Vh o ¢'71} = span{z,bh’,- = [é,-,q]dJrl o ¢71}ieI
+
Yh

Generated reconstruction of y, is presented as

ya(x) = Z Zh’,T/’h,i(X)»

i€Tx(d+1)
where Y, = uh J[eIX(d‘Fl) € REHDIZ] s 3 vector of DOFs of y}, defined by a system
(Cig Divy + BMy) y, = —Ciq zn + Ben, D tas(Yh) + tso1(¥h)
with
Divy, = [(divatp;, diveap; )},‘jﬂ Izl = [(f — Bev, divyey; )](d+1 Izl
(d+1)|Z (d+1)|T
Mh - [(¢H¢J)LJ+1| ‘7 8h = [(VXV 1/’1)] N )‘ |

Problems
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Single refinement step for up, approximation

Input: K, {discretization of Q}, span {¢s;}, i = 1,...,|Z| {V-basis}

APPROXIMATE:
B compute uy: ASSEMBLE and SOLVE Kj u;, = f, ttas(Up) + teo1(up)

Evaluate e = u — uy, in terms of |le||, [le]lioc,n, and [le] 2

ESTIMATE:
—1
B compute M (u, y5) tas(¥h) + teot (V4)
[ | compute Mn(uh,y,,, wp) ttas(Wh) + tsot(wh)

M compute Td(uy)
MARK: Using marking MpurLk (o), select elements K of mesh C;, that must be refined

REFINE: Execute the refinement strategy K, - = R(K}y)

ref

Output: C; _, {refined discretization of Q}

Problems
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Choice of B-Splines (THB-Splines) for y, and wj

We use the idea from [Kleiss, Tomar, 2015]:

=SP — md+1c9q
W ev,=5 Wy, c Y = 071S]), W, cw,=s5;,
L) W)
M ., is approx. on K Wy, s recons_tructed on B ., is reconstructed on
Kmn M e N Kip L€ N©

Adaptive IgA
[ ]
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Choice of B-Splines (THB-Splines) for y, and wj

We use the idea from [Kleiss, Tomar, 2015]:

=SP — md+1g9q
W ev,=5 Wy, c Y = 071S]), W, cw,=s5;,
L) W)
M ., is approx. on K Wy, s recons_tructed on B ., is reconstructed on
Kmn M e N Kip L€ N©

Adaptive IgA
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Choice of B-Splines (THB-Splines) for y, and wj

We use the idea from [Kleiss, Tomar, 2015]:

=SP — md+1c9q
W ev,=5 Wy, c Y = 071S]), W, cw,=s5;,
L) W)
M ., is approx. on K Wy, s recons_tructed on B ., is reconstructed on
Kmn M e N Kip L€ N©

Adaptive IgA
[ ]
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Choice of B-Splines (THB-Splines) for y, and wj

We use the idea from [Kleiss, Tomar, 2015]:

=SP — md+1c9q
W ev,=5 Wy, c Y = 071S]), W, cw,=s5;,
L) W)
M ., is approx. on K Wy, s recons_tructed on B ., is reconstructed on
Kmn M e N Kip L€ N©

Adaptive IgA
[ ]
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Example 1

Given data of 1d+t dimensional problem:

WMo=(01)7=1

B L =sin(k7x) sin(kat)

B = sin(kynx) (ko cos(komt) + k272 sin(kot))
[ | up=0

Discretization:

[ | up € S2 and up € S
[ | Example 1-1: k; = ko = 1:
[ | Example 1-2: k; = 3, kr = 6:

Numerical results

www.ricam.oeaw.ac.at Svetlana Matculevich, Adaptive Space-Time IgA of Parabolic Evolution Problems
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Example 1-1. Adaptive refinement for uy, €

€e.0.c. €e.0.c.

(lellioc,n) (el z)

et | llello |G Vel | lele

2.9197e-01 2.38 1.40
9.3154e-02 1.96 1.07
1.7351e-02 3.79 1.79

(a) up € 2.y, € @2S%,, and wy, € 52,

2.9034e-03 3.0649e-03
3.3878e-04 3.5057e-04
9.2649e-06 9.2835e-06

(b) up € 5,3,, yn € @2556h. and w), € 556h

2
4
8

2 4.9924e-03 5.0700e-03 1.1918e-01 5.08 4.18
4 1.3562e-04 1.3591e-04 8.9725e-03 3.56 2.89
8 3.5507e-07 3.5535e-07 1.6376e-04 3.11 213

Efficiency of M, M", and B for o = 0.4 (Nyet,0 = 3).

Numerical results
L]
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Example 1-1. Adaptive refinement for u, € Sh and up € S,

tappr.
| dof | teo | e
El v o m| » — I
ref.
(a) up € Sﬁ, Yn € 6925;1,7, and w), € S;'h
6 12935 288 144 1.55e+4-01 2.17e+00 44.25
7 34037 288 144 4.90e+-01 9.58e+-00 145.95
8 61258 288 144 9.37e+4-01 2.42e+01 308.55
tas(up) © tas(¥n) : tas(wh) tso1(up) tso1(Yn) : tso1(wh)
258.63 13252.51
(b) up € 5;, yh € @2555h, and wy, € Sgh
6 13742 338 169 1.62e+01 2.11e+00 25.95
7 35091 644 322 5.36e+01 1.10e+01 11.41
8 78561 744 372 1.91e402 2.40e4-01 38.15
tas(up) tas(¥p) tas(wWh) tso1(up) tso1(¥p) tso1(wh)
37.97 3168.34

Assembling and solving time spent for the systems defining d.o.f. of up, y;,, and wy.

Numerical results
[ ]
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Example 1-1. Comparison of meshes for Mgy,

ref. based on ref. based on ref. based on
true error |[u — up||2 ;. « true error [Ju — up[|% indicator ||y, — V.u,||%
-~ - -~
X X X
ref. 1 ref. 1 ref. 1

Numerical results
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Example 1-1. Comparison of meshes for Mgy,

ref. based on ref. based on ref. based on
true error |[u — up||2 ;. « true error [Ju — up[|% indicator ||y, — V.u,||%
H : =
i : -
T T T
-~ - -~
If 1 e
SR EEEENmmmmmmaEmsEEmmnamazEs : H
T T T
X X X
ref. 2 ref. 2 ref. 2

Numerical results
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Example 1-1. Comparison of meshes for Mgy

ref. based on ref. based on ref. based on
true error |[u — up||2 ;. « true error [Ju — up[|% indicator ||y, — V.u,||%
o,

7T
= H
= | e
Eith el o
H e
e S £
HEEHH HH i
HEE HEH :
= T
ﬁgg e it : T
= HHE
HHE HHE
4+ + -
HEE HHE
A= == S
HHE HHE
15210z I I O 5254252 |
i e = e
i i e Ectd
i i o **
HHE HHE e i
X X

ref. 3 ref. 3

abilized space-time
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Example 1-1. Comparison of meshes for Mgy

ref. based on ref. based on ref. based on

true error |[u — up||2 ;. « true error [Ju — up[|% indicator ||y, — V.u,||%
o,

i

i

ref. 4 ref. 4 ref. 4

Intro Space-time Ig/ i space-time Adaptive Ig/ Numerical results
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Example 1-1. Comparison of meshes for Mpyrk(0.4)

ref. based on ref. based on ref. based on
true error |[u— upl|2_, « true error [Ju — up|% indicator ||y, — Vup|/%

Intro Space-time Ig/ 0 zed space-time ive IgA Numerical results
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Example 1-1. Comparison of meshes for Mpyrk(

ref. based on ref. based on ref. based on
true error |[u— upl|2_, « true error [Ju — up|% indicator ||y, — Vup|/%

ref. 6

Intro Space-time IgA g stabilized space-time IgA Adaptive IgA Numerical results Conclusions
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Example 1-1. Error order of convergence

log el

—4— el
e O(NPI),
—— llell,

Numerical results
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Example 1-2. Adaptive refinement, us € S?, y;, € ®°S/,, and w;, € S{,

€.0.Cc. €.0.c.
et | lielo | EGROMMRRGRON locr | ec  [EEGEN (el (ielio)

(a) MpuLk(0.4)

5.7161e-01 5.7163e-01 | 6.2371e+01 2.09 1.19
1.3927e-01 1.3928e-01 | 3.1026e+01 2.30 1.14
1.2298e-03 1.2208e-03 | 2.6917e+00 5.60 2.30

(b) MpuLK(0.6)

2
3
8

2 5.7161e-01 5.7163e-01 6.2371e+01 2.99 1.19
3 1.7942e-01 1.7945e-01 3.2971e+01 2.18 1.20
8 2.7492e-03 2.7492e-03 4.0721e+00 4.75 191

Efficiency of Ml, MH, and Ed for Mpu1,k(0.4) and Mpur,k(0.6) (Ner,0 = 3).

Numerical results
L]
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Example 1-2. Adaptive refinement, uj, € Sﬁ, yn € 2SI, and wy, € S,

tappr.
| d.of. | fsol ‘ ter.est.
u, w u, u,
M _ a0
(a) MpyLK(0.4)
6 30101 450 225 5.99e+01 3.57e+00 12.14
7 86849 1058 529 3.57e+02 1.11e+401 19.58
8 141987 2850 1425 6.36e+02 2.56e+01 5.31
tas(up) © tas(yp) : tas(wp) tso1(Un) 1 tso1(¥n) * tso1(wh)
10.76 198.84
(b) MpyrLK(0.6)
6 15436 450 225 2.61le+01 1.77e+00 11.73
7 35745 1058 529 8.99e+01 4.68e+00 9.52
8 52453 2498 1249 1.05e+02 7.38e+-00 1.39
tas(up) © tas(yp) @ tas(wa) tsol(un) t tso1(¥n) : tsol(wh)
1.49 44.46

Assembling and solving time spent for the systems defining d.o.f. of up, y,, and wy,.

Numerical results

°
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mesh obtained with criterion mesh obtained with criterion
MpyLk(0.6) MpuLk(0-4)

X

ref. 4

up € St y, € ®2SL,, and wy, € SI,.

Intro Space-time Ig/ 0 abilized space-time IgA Adapti Numerical results Conclusions
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Example 1-2. Comparison of meshes for Mgy,

mesh obtained with criterion mesh obtained with criterion
MpuLk(0.6) MpuLk(0-4)

X X

ref. 5 ref. 5

up € St y, € ®2SL,, and wy, € SI,.

Intro Space-time IgA ally stabilized space-time IgA Adaptive IgA Numerical results Conclusions
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mesh obtained with criterion mesh obtained with criterion
MpuLk(0.6) MpuLk(0-4)

X X

ref. 6 ref. 6

up € St y, € ®2SL,, and wy, € SI,.

Intro Space-time IgA Locally stabilized space-time IgA Adaptive IgA Numerical results Conclusions
00000000 000000 0000000 0000000 00000000 e0000000 00000000000
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mesh obtained with criterion mesh obtained with criterion
MpuLk(0.6) MpuLk(0-4)

X X

ref. 7 ref. 7

up € St y, € ®2SL,, and wy, € SI,.

Intro Space-time IgA Locally stabilized space-time IgA Adaptive IgA Numerical results Conclusions
00000000 000000 0000000 0000000 00000000 e0000000 00000000000
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Example 1-2. Error order of convergence

10° 3
10t A 3
=~ \
¥ \

102 & vl

cwe QNP p=2 &

—#—lell, Mpurk(0.4) \
—o— M, Mgk (0-4) kS b

10° 7| —— flefl, Miuwx(0.6) -
—o— M, Mpuik(0.6)

T T T T
10° 10° 10* 10°
log N

The e.o.c. for ki =6, ko = 3.

pace-time IgA Adaptive IgA Numerical results
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Example 2. Moving spatial domains

W Q= {(x, )R :x € Q(t), t € (0, T)}, where
Q(t)={xeRY:a(t) <x < b(t)}, t € (0, T)
a(t)=05t(1—1),

b(t) =1— a(t), and
T=1

1d+t:

B u(x,t) = sin(7 x) sin(r t),

B f(x,t) = 7 sin(7 x) (cos(r t) + 7 sin(r t))
2d+-t:

B u(x, t) =sin(mx) sin(r y) sin(7 t),

[ | f(x,t) =
(7 sin(m x) sin(7y)) (cos(m t) + 27 sin(w t))

Numerical results
[ ]
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Example 2-2. Mesh refinement for Mpyrk(0.4)

e =il

‘
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‘\\\?ﬁ\\“{\‘tﬂ"

‘y v:"\"‘ X

ref. 1. Ky

up € S2, y, € B2S3,, and wy, € S,

| results
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Example 2-2. Mesh refinement for Mpyrk(0.4)
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ref. 2: Ky

up € S2, y, € B2S3,, and wy, € S,

Intro -time IgA tabilized space-time Adapti Numerical results

www.ricam.oeaw.ac.at Svetlana Matculevich, Adaptive Space-Time IgA of Parabolic Evolution Problems



ann Radon Ins

te for Computational and Applied Mathematics

OAW RICAM

Example 2

up € S2, y, € ®%S3,, and wy, € S5,

Intro -time IgA ally stabilized space-time IgA Adaptive IgA Numerical results
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Example 2-2. Mesh refinement

up € S2, y, € ®%S3,, and wy, € S5,

Intro Space-time IgA Locally stabilized space-time IgA Adaptive IgA Numerical results Conclusions
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Example 3: Robustness to problems different singularities

Given data:
Wo=(01),7T=2
1
W ou(x,t)=sinmx(1—t)* A= {%, 1, %}, ue HM27E(Q),
where € > 0 is arbitrary small, s > 2

(a)u:sinﬂx(l—t)3/2 (b) u=sinmx |1 — ¢t (c)u:sin7r><(1—t)1/2

Discretisation:

. up € 5,2,
[ | 253 and s3
Yp € D75, an wh € Sp)
abilized space-time

Adapti\

Numerical results
www.ricam.oeaw.ac.at

Conclusion
Svetlana Matculevich, Adaptive Space-Time IgA of Parabolic Evolution Problems
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Error order of convergence for for approximations with v € 5,21 and u € 5,37.
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Example 3: Error order of con

Theoretical (expected) rate O(h):

10! 4% r
1074 r
=
2107 A r
et ﬁ(mh) \\ T
4| —%— e, p=2 N, L
W05 w el p=3 .
. - O(h?) \\
— - O(h?) <
-5 S
107 7 AN
T T
102 10°
log N

Error order of convergence for for approximations with v € 5,21 and u € 5,37.

Numerical results
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X X X X

ref. 4 ref. 5 ref. 6 ref. 7

Meshes obtained on the refinement steps 4-7 for uj, € 5,2,.

Intro Space-time IgA Locally stabilized space-time IgA Adaptive IgA Numerical results
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ref. 4 ref. 5 ref. 6 ref. 7

Meshes obtained on the refinement steps 4-7 for uj, € 5,2,.

Intro Space-time IgA ally stabilized space-time IgA Adaptive IgA Numerical results Conclusions
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ref. 4 ref. 5 ref. 6 ref. 7

Meshes obtained on the refinement steps 4-7 for uj, € 5,%.

Intro Space-time IgA g stabilized space-time IgA Adaptive IgA Numerical results Conclusions
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Conclusions and roadmap
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Conclusions and roadmap

M From globally to locally stabalized space-time IgA schemes:
a priori discretization error estimates
functional a posteriori discretization error estimates
adaptive IgA schemes based on global flux reconstruction
B Adaptivity + Fast (multilevel) solvers + Parallelization
improving assembling time, in particular, for the THB-splines
fast solvers for the system providing optimal flux used in the majorant

www.ricam.oeaw.ac.at Svetlana Matculevich, Adaptive Space-Time IgA of Parabolic Evolution Problems
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Example 1. Comparison of different approaches for flux reconstructions

| #ref | llelll | g (Y | eo.c. ([lells,n)

uniform refinement expected O(h2)

| (a) majorant with y;, = argmlnyheyh

2.5516e-03 3.44
1.5947e-04 2.36
9.9670e-06 2.09
6.2294e-07 2.02

| (b) majorant with y,, = Vup, (implies residual-type estimate)

2.5516e-03 3.44
1.5947e-04 2.36
9.9670e-06 2.09
6.2294e-07 2.02

| (c) majorant with equilibrated fluxes (implies equalibration-type estimate)

2 2.5516e-03 3.44
4 1.5947e-04 2.36
7 2.4918e-06 2.05
8 6.2294e-07 2.02

Efficiency of M w.rt. three approaches of the y, € @252,7 reconstruction.

0o N

0o N

Conclusions
[ ]
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Example 1. Comparison of different approaches for flux reconstructio

| et | llelo  DOUREEM  eoc (el

adaptive refinement (o = 0.4)

| majorant with y, = argminyheth
2 2.5516e-03 3.42
4 2.2734e-04 2.36
6 2.9493e-05 2.70
8 4.8121e-06 1.56

| majorant with y, = Vup, (implies residual-type estimate)

2 2.5516e-03 3.42
4 2.2734e-04 1.49
6 2.6218e-05 243
8 3.1014e-06 2.74

| majorant with equilibrated fluxes (implies equilibration-type estimate)

2 2.5516e-03 3.42
4 2.1893e-04 2.10
6 3.7533e-05 2.78
8 1.0382e-05 2.11

Efficiency of M w.rt. three approaches of the y, € @252,7 reconstruction.

Conclusions
[ ]
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Example 4. Robustness

Given data:

WMo quarter-annulus,

T=1
W= (103 (1-y)y?
(1—1t)t?
|
[ | up =u

(b)

(a) vin 2d+t axis. (b) uatt= %

Discretisation:

. up € 5,21

. Yn (S @253’1
3

. wp € 52h

Conclusions
L]
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Example 4. Meshes on parametric and physical domains for Mpy1,k(0.6)

M
01—
i

/J

ref. 1: Q and I@h ref. 1: Q and )
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Example 4. Meshes on parametric and physical domains for Mpypk(

PrtH

ref. 2: Q and ),

Intro Space-time Ig 0 abilized space-time IgA Adaptive Ig Numeric sults Conclusions
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Example 4. Mesh c and physical domains for Mpypk(

Pt

ref. 3: Q and I@h ref. 3: Q and ),

Intro Space-time IgA Locally stabilized space-time IgA Adaptive IgA Numerical results

Conclusions
00000000 000000 0000000 0000000

000000000000 0000 00000000000
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Example 3. Robustness to solutions with sharp local Gaussian jumps

Example 3-1: 1d + t

Wo=-01),7=1 o] =
Bu=(2-x)(2—1t) i

e—100 |(x,t)—(0.8,0.05)| z:
o=

. uD:O

Example 3-2:  2d + t
Ho-(012T7T=2
W= () (2—y) (1)
0.25,0.

*100\ x,y,t)—(0.25,0.25,0.25)|

Conclusions

www.ricam.oeaw.ac.at Svetlana Matculevich, Adaptive Space-Time IgA of Parabolic Evolution Problems
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Example 3. Adaptive refinement, u, € S2

€.0.c.

e.o0.c.
(llelloc,n) (llell 2)

woet | lello | ECOGER Velocs | Nelle

(a) up € 5,%, yh € @252, and wy, € 5,3,

2 3.1311e-04 3.1335e-04 5.6510e-02 17.71 8.64
3 1.0915e-04 1.0944e-04 3.1506e-02 6.49 3.60
5 2.2033e-05 2.2042e-05 1.4796e-02 5.87 3.59
7 5.2517e-06 5.2526e-06 7.2473e-03 2.41 1.27

(b) up € S7. y), € >SS, and w, € S5,

2.7623e-04 2.7647e-04 5.4452e-02
1.1419e-04 1.1446e-04 3.1695e-02
2.2089e-05 2.2099e-05 1.4911e-02
5.2825e-06 5.2837e-06 7.1577e-03

Efficiency of MI, MH, M;h, and Id.

15.35 7.24
6.27 3.85
5.07 3.04
2.35 1.24

~NowN

Conclusions
L]
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Example 3. Error order of con ence for up € 5,%

10" 4 F
. O(N"’/d)m:Z d=2
—— e, M =1
—o— M, M=1
102 —t—ell, M =2 r
e | M M=2
\ BT

A

10°
log N

The majorant and e.o.c. for (a) y, € 253, and w,, € S? and (b) y, € ©2S5,, and
wp € 526,7.

Conclusions
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Example 3-1. Mesh refinement for Mpyrk (0

T

1

X
ref. 4 ref. 5 ref. 6

Meshes obtained on the refinement steps 4-6.

ed space-time IgA e Numerical Conclusions
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Example 3-2. Mesh refinement fol

ref. 1: Q and KCp ref. 2:  Q and Ky, ref. 3: Q and K

Meshes obtained on the refinement steps 1-3 v, € S2, y, € %S} and
Wp € 52

Numeric S Conclusions
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