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What are rate-independent systems and

what are vanishing viscosity solutions?

Stephanie Thomas (Universitit Kassel)
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Rate-independent systems

@ Rate-independent evolutions are driven by external forces on a time
scale much slower than their internal scale.

@ When the external loadings undergo a time rescaling, the solutions to
the rescaled system are the rescaled solutions of the original system.

@ examples: dry friction, plasticity, fracture

® A Mielke, T. Roubi¢ek. Rate-Independent Systems. Springer, 2015.
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Rate-independent systems

For an initial value zy € Z find a curve z : [0, T] — Z such that

0 € OR(2(t)) + D, Z(4(t), z(t)) fa.a. t €[0, T], z(0) = z.

e zeZ state variable in the state space
071:Z2"xZ R, I, z) =Tp(z) — (¢, z) potential energy
o 1 c Wh(0, T; Z2*%) external load
e R:Z — [0,00) convex, l.s.c., pos. 1-homogeneous

(e.g.: a norm on Z) dissipation potential
@ O0R:Z=2 2 convex subdifferential
e D,I(¢,:): 2 — Z* Fréchet-differential of z — Z({,z)
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Rate-independent systems

For an initial value zy € Z find a curve z : [0, T] — Z such that

0 € OR(2(t)) + D, Z(4(t), z(t)) fa.a. t €[0, T], z(0) = z.

interpretations:

o force balance in Z*:
dissipative force OR(z) versus potential restoring force —D,Z (¢, z)

e if R(w) = 1||w||%, we would have to solve the gradient flow

z(t) = =D Z(£(1), 2(t))
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Vanishing viscosity solutions

problem:  for non-convex Z, solutions may have jumps

strategy: B approximate the system by adding artificial viscosity:

assume Z € V C X and R(z) = C||z||x; for € > 0, set

Re(z) == R(2) + 51zl
and solve

0 € OR-(2:(t)) + D, Z(¢(t), z-(t)) a.e., z(0) = z

@ obtain a sequence of continuous solutions (z:):>0

show existence of a converging subsequence for ¢ — 0

© find out in which way the limit solves the original problem
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@ Existence of viscous solutions
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Existence of viscous solutions - assumptions

I(C,z) := 3(Az,z) z + F(z) — (€, z)y for z € Z, where

e A: Z — Z* is linear, bounded, self-adjoint and coercive

o F e C%(Z,Rso) fulfills
» D,F:Z — V* is weakly continuous and D,F € C'(Z,V*),

» 3C >0, >1Vz,ve Z: |D2F(2)v|

ve < C(L+[2[Z)lIv]l=
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Proposition (Existence of viscous solutions)

There is a solution z. € WY([0, T],V) of the viscous system, fulfilling the

energy dissipation balance:
t

/RE(Z's(f))+R§(—Dz1t(f(f),zs(f)))df+I(f(t),za(t))
o Z(l(s), z=(s)) +/ OrZ(l(r),z-(r))dr forall0<s<t<T.

v

Proof.

@ Mielke, Rossi, Savaré. Nonsmooth analysis of doubly nonlinear evolution

equations. 2013.

v

There is a constant C > 0 such that for all ¢ > 0 and all solutions z, it
holds:

|22 |0, 7:2) + \ﬁHZaHHl(o,T;v) <C.
There is a sequence of solutions fulfilling

sup (|2 lwpao.72) + £z lwioego ) < €
&€
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© Vanishing viscosity analysis
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Vanishing viscosity analysis

goal: solve differential inclusion for ¢ = 0 by passing to the limit of the
viscous solutions z

problem: @ a priori estimates in non-reflexive spaces

@ limit element is not differentiable in general

strategy: @ rescale solutions such that rescaled solutions Z. are
uniformly equicontinuous, use Arzela-Ascoli and obtain a
limit 2

@ introduce generalized notion of differentiability fulfilled by 2
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Vanishing viscosity analysis: time parameterization

recall the energy dissipation balance:

T(6(s), 2.(5)) — T(U(t), 2.(¢)) / 0, T(U(r), .(r)) dr

/

= /tR(Z'a(f)) + 511Z=() 1% + gedisty(=D-Z(¢(r), z:(r)), IR(0)) dr

e—0

—7
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Vanishing viscosity analysis: time parameterization

recall the energy dissipation balance:

T(6(s), 2.(5)) — T(U(t), 2.(¢)) / 0, T(U(r), .(r)) dr

= / R(2:(r)) + 5ll2=(s)II} + 2 disty=(—D.Z(£(r), z(r)), IR(0))* dr

e—0

—7

p(v,w) = infeso(R(v) + 5 VI3 + Fdisty- (w, IR(0))?)
set s(t) =t [y p(2(r), —DZ(U(r), z(r))) dr
S. = s.(T).

Since s. is strictly increasing, the inverse £. := s=1: [0, S.] — [0, T] exists,
and we define

2.:[0,8] = 2, 2.(s) i= z(£(s)).
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Vanishing viscosity analysis: time parameterization

recall the energy dissipation balance:

T(6(s), 2.(5)) — T(U(t), 2.(¢)) / 0, T(U(r), .(r)) dr

= / R(2:(r)) + 5ll2=(s)II} + 2 disty=(—D.Z(£(r), z(r)), IR(0))* dr

e—0

—7

p(v,w) :=R(v)+ ||v|pdisty-(w,0R(0)) for v € Z, w € V*

set s.(t) =t + [y p(2(r), —D;Z(¢(r), z-(r)))dr,
Se =s.(T).

Since s. is strictly increasing, the inverse £. := s=1: [0, S.] — [0, T] exists,
and we define

2.:[0,8] = 2, 2.(s) i= z(£(s)).
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Vanishing viscosity analysis: Arzela-Ascoli argument
@ thanks to the choice of parameterization, it holds almost everywhere
t:(5) + R(2:(5)) + ||2:(5) [ wdisty- (—D-Z(£(E(5)), 2:(5)), IR(0)) = 1
» therefore, it holds that [0, S] := (J,[0, 5] is compact

e Ehrling’s lemma yields W'>(0,S; X) N L>=(0,S; Z) c ¢([0, S], V)

» thus, sup. R(2:(s)) < 1 implies uniform equicontinuity of 2.

@ a priori estimate sup. ||z:|| (g 7.2} < oo implies that the set
p Pe L*(0,T;2) p

K :={2.(s)|e >0, s €[0,S]} is compact w.r.t. =N

» thus, there is 2 € C([0,S],V) such that 2., (s) = 2(s) in Z
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Vanishing viscosity analysis: R-absolute continuity

Definition and Proposition

Amap f:[0, T] - R is called absolutely continuous if and only if
Jge M0, T): VO<r<s<T: |f(s)—f(r) <[ g(t)dt.

In this case, for almost all t € [0, T], the limit

f,(t) o AT;‘O f(t+ Z) — f(t)

exists and |f’| is the least function fulfilling the above estimate.
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Vanishing viscosity analysis: R-absolute continuity

Definition and Proposition

A map z: [0, T| — Z is called R-absolutely continuous if and only if
g e M0, T): VO<r<s<T:R(z(s)—z(r)) < [T g(t)dt.

In this case, for almost all t € [0, T], the limit

RIZ)(z) = lim ) = 2(1))

R
h\0 h <

exists and R[Z'] is the least function fulfilling the above estimate.

R[Z'] is called the generalized metric derivative.

‘ Ambrosio, Gigli, Savaré. Gradient Flows in Metric Spaces and in the Space of
Probability Measures. 2008.
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Vanishing viscosity analysis: regularity
From the identity

t(5) + R(2:(5)) +]12:(5) v distv- (=D, Z((E(5)), 2(s)), IR(0)) = 1,
N——

=R[2L](s) =e(fe(s),2:(s))

we conclude that
o there is f € W1(0, S) such that f. = f,
o 2¢€AC([0,S];R) with R[2] <1,

e for [a,b] C {s €0, S]]|e(£(s), 2(s)) > 0}, it holds 2 € AC(]a, b]; V) .

@ Mielke, Rossi, Savaré. Balanced viscosity solutions to infinite-dimensional rate-

independent systems. 2016.
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Energy dissipation balance - upper bound

Change of variable in the energy dissipation balance yields

Z(¢(E(0)), / OT(U(E(r)), 2:(r)E(E(r))Ec(r) dr

—T(U(E(s)), 2.(s) / R(z(r)) dr

S
/
0

IIZa(r)||v+ s disty- (—D,Z(U(E(r)), 2(r)), OR(0)) dr
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Energy dissipation balance - upper bound

Change of variable in the energy dissipation balance yields
Z((E(0), / OL(U(E(r)). 2:(r)I(E(N)E(r) dr
S T(0(E(s)), / R(5.(r))d
" /0 8- sty (— DZ(E(E (1)), 2:(1), OR(0)) dr
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Energy dissipation balance - upper bound

Change of variable in the energy dissipation balance yields
T((E(0)), 2.(0)) + / COT(UE(D). ()E()E(r) dr
S T(U(E(s)), / R(2.(r))d
" /0 8- sty (— DZ(E(E (1)), 2:(1), OR(0)) dr

By lower semicontinuity arguments, we obtain the estimate
T((E0)).200)) + | OT(E(E(r)). 2)iCEr)iCr) dr
> Z(L(t(s)), 2(s)) / R[Z'1(r) + [12(r)llve(E(r), 2(r)) dr .
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Vanishing viscosity solutions - existence

Definition and Theorem
There are (t,z) € W*°(0,S) x AC(0,S; R) fulfilling:
t(S)=T, |zlre,s;z) < 0,
t(s) 20, t(s)e(t(s),z(s)) =0,
t(s) + RIZ1(s) + 2(s)lve(t(s), z(s)) = 1,
for G :={s € [0, S]| e(t(s), z(s)) > 0}, we have z € ACjoc(G; V),

fa.a.se€l0,5]: {

Z(£(0), 20) + Jy BeL(E(t(r)), 2(r))E(e(r))E(r) dr
= Z(U(t(s)), 2(s)) + Jo RIZ1(r) + 2(r)llve(t(r), 2(r)) dr

A triple (S, t,z) € [T,o0) x W1*°(0,S) x AC(0, S;R) fulfilling the above
conditions is called normalized parameterized solution of the system
0 € OR(z(t)) + D,Z(¢(t), z(t)) a.e. in [0, T], z(0) = z.
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Vanishing viscosity solutions - interpretation

We have the complementarity condition

t(s)disty« (—D,Z(¢(t(s)), z(s)), OR(0)) = 0.

e If £(s) > 0, then disty«(—D,Z(¢(t(s)), z(s)),OR(0)) = 0 and z(s) is
a stationary solution of the rate-independent system.

» z(s) = 0: sticking
» z(s) # 0: rate-independent sliding

o If disty«(—D,Z((t(s)), z(s)), OR(0)) > 0, then t(s) = 0, and due to
the normalization condition, we have z(s) # 0. Thus, the artificial
time is frozen and the state changes according to viscous laws. In the
outer time scale, this is seen as a jump.
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Summary

@ Rate-independent systems and vanishing viscosity solutions

@ approximate system by adding artificial viscosity
@ Solve the viscous system

@ Find limit for vanishing viscosity
@ find suitable parameterization
@ introduce metric derivatives

@ existence and regularity of limit element

@ identify energy-dissipation balance

@ Next goal: optimal control with control variable ¢

@ prove sufficient a priori estimates/compactness results
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Existence of viscous solutions via time discretization

@ choose a partition {0 =tf < t] <--- <tf_; < T < ty} of [0, T]
with step length 7 > 0

o set zJ® := zg and obtain (z,")k=1,..n as solutions of

7,70, € Argmin{Z({(t} 1), 2z) + TR (z_j"m> ,z€ Z}.

@ interpolants 2 Ag,—g fulfill the energy dissipation estimate

/ Re(21(t)) + R(=DZ(€(t7(t)),zZ(t))) dt + Z(4(T),22(T))
T T
gz(e(O),zo)+/o atz(e(t),fg(t))dH/o r(t) dt

@ this carries over to the limit due to the lower semicontinuity of R, R*

< back to theorem
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Existence of viscous solutions via time discretization

@ we have the chain rule

G Z(0(t), z(t)) = (DZ(U(t), 2:(1)), 2(t)) 2 + OZ(U(t), (1))

@ Fenchel-Moreau inequality
Re(2:(r)) + Re(=DZ((r), 2:(r))) = (=DZ(£(t), z(t)), 2:(t)) =

and integration w.r.t. time then yield the opposite estimate
t

[ Rea(r)) + RE(-D2(0(0).2:(r)) dr -+ Z(8(8) 2(0)
S

> Z(l(s), z-(s)) + /t OL(U(r), z-(r)) dr

< back to theorem
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Existence of viscous solutions via time discretization

@ we have the chain rule
/:(—DZI(K(r),zg(r)),z'a(r)>g dr +Z(4(t), z-(t)
— T(U(s), 2.(s)) + / OT(U(r), 2.(r)) dr

@ Fenchel-Moreau inequality
Re(2:(r)) + Re(=DZ((r), 2:(r))) = (=DZ(£(t), z(t)), 2:(t)) =

and integration w.r.t. time then yield the opposite estimate
t

[ Rea(r)) + RE(-D2(0(0).2:(r)) dr -+ Z(8(8) 2(0)
S

> Z(l(s), z-(s)) + /t OL(U(r), z-(r)) dr

< back to theorem
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Equicontinuity via Ehrling's Lemma
Lemma (Mielke, Rossi, Savaré 2016)

For bounded K C Z, there is an increasing, continuous from the right
function Qy : [0,00) — [0, 00) such that Qk(0) = 0 and for all z;,z € K,

it holds: lz1 — z2||y < Qk(R(z1 — 22)).

Proof.

e Ehrling’s interpolation lemma: if Z € V C X, then
for all n > 0, there is C;, > 0:
Vze Z: |zly <nllzlz + Gllzllx
@ since K is bounded and || - ||x < CR(:), this implies:
for all n > 0, there is C;, > 0:
Vze K: |z|lv <n+ GR(2)

o set Qx(r) == ir;%{n + Cyr} forr>0 -
"

v
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Equicontinuity via Ehrling's Lemma

@ a priori estimate sup, ||z (o, 7;2z) < oo implies that the set
K :={2.(s)|e >0, s €[0,S]} is bounded in Z

@ thus, for0<r<s<$§, e>0:

[12:(s) = 2:(r)llv < Qk(R(2:(s) — 2(r)))

< QK([ R(3:(0)) do) < Qu(s — r)
<1
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Energy dissipation balance - lower bound

For curves (t, z) of the given regularity, s — Z(¢(t(s)), z(s)) is absolutely
continuous and it holds almost everwhere

|45 Z(€(t(5)), 2(s)) — D Z(£(t(s)).2(s))E(s)|
< RIZ](s) + [12(s)[ve(t(s), z(s))-

Thus, integration w.r.t. s yields the opposite estimate and hence the
following identity

T((H0))-200)) + | OT(6(E(r). 2 dr
T 2) + [ RN+ [20)ve(E). 2(0)
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Vanishing viscosity solutions - a priori bounds

Lemma

For all L > 0, there is a constant C; > 0 such that for all zy € Z,

€€ Wh>(0, T; V*) fulfilling ||zol| z + ||€l| 20, 7v+) < L and all normalized
parameterized solutions (S, t, z) associated with the initial value zg and
the external load ¢, it holds:

S+ l1zlli(0,5:2) + Z(£(£(5)), 2(S5)) < Co.
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