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Overview

MultiMulti--Criterion OptimizationCriterion Optimization
Evolutionary MultiEvolutionary Multi--Criterion Optimization (EMO)Criterion Optimization (EMO)
Advantages of EMOAdvantages of EMO
Applications of EMOApplications of EMO

DecisionDecision--makingmaking
InnovizationInnovization: Innovation through EMO: Innovation through EMO
Aiding in other problemAiding in other problem--solving taskssolving tasks

EMO and Decision MakingEMO and Decision Making
ConclusionsConclusions
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EMO Books (Since 2001)
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MultiMulti--Objective OptimizationObjective Optimization
Really need no introductionReally need no introduction
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Which Solutions are Optimal?Which Solutions are Optimal?

Relates to the concept Relates to the concept 
of dominationof domination
xx(1)(1) dominates xdominates x(2)(2), if , if 

xx(1)(1) is no worse than xis no worse than x(2)(2)

in all objectivesin all objectives
xx(1)(1) is strictly better than is strictly better than 
xx(2)(2) in at least one in at least one 
objectiveobjective

Examples: Examples: 
3 dominates 23 dominates 2
3 does not dominate 53 does not dominate 5

Partial orderingPartial orderingCostCost

LifeLife
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ParetoPareto--Optimal SolutionsOptimal Solutions

PP’’=Non=Non--dominated(Pdominated(P))
Solutions which are Solutions which are 
not dominated by not dominated by 
any member of the any member of the 
set Pset P

O(N log N) O(N log N) 
algorithms existalgorithms exist
ParetoPareto--Optimal set Optimal set 
= Non= Non--dominated(Sdominated(S))
A number of A number of 
solutions are optimalsolutions are optimal
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Differences with SingleDifferences with Single--Objective Objective 
OptimizationOptimization

One optimum versus multiple optimaOne optimum versus multiple optima
Requires search and decisionRequires search and decision--makingmaking
Two spaces of interest, instead of oneTwo spaces of interest, instead of one
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PreferencePreference--Based MethodsBased Methods

fgffgf

Classical Methods follow itClassical Methods follow it
Results in a single                                   Results in a single                                   

solution in each simulationsolution in each simulation
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Classical Approach: Classical Approach: 
Weighted Sum MethodWeighted Sum Method

Construct a Construct a 
weighted sum of weighted sum of 
objectives and objectives and 
optimizeoptimize

User supplies User supplies 
weight vector weight vector ww
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Difficulties with WeightedDifficulties with Weighted--Sum Sum 
MethodMethod

Need to know Need to know ww
NonNon--uniformity in uniformity in 
ParetoPareto--optimal optimal 
solutionssolutions
Inability to find some Inability to find some 
ParetoPareto--optimal optimal 
solutions (those in solutions (those in 
nonnon--convex region)convex region)
However, However, a solution of a solution of 
this approach is always this approach is always 
ParetoPareto--optimaloptimal
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εε--Constraint MethodConstraint Method
Constrain all but one Constrain all but one 
objectiveobjective
Need to know relevant Need to know relevant 
εε vectorsvectors
NonNon--uniformity in uniformity in 
ParetoPareto--optimal optimal 
solutionssolutions
However, However, any Paretoany Pareto--
optimal solution can optimal solution can 
be found with this be found with this 
approachapproach
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Difficulties with Most Classical Difficulties with Most Classical 
ApproachesApproaches

Need to run a singleNeed to run a single--
objective optimizer many objective optimizer many 
timestimes
Expect a lot of problem Expect a lot of problem 
knowledgeknowledge
Even then, good Even then, good 
distribution is not distribution is not 
guaranteedguaranteed
MultiMulti--objective optimization objective optimization 
as an application of singleas an application of single--
objective optimizationobjective optimization
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Ideal MultiIdeal Multi--Objective Objective 
OptimizationOptimization

Step 1  :Step 1  :

Find a set of Find a set of 
ParetoPareto--optimal optimal 
solutionssolutions

Step 2Step 2 ::

Choose one from Choose one from 
the setthe set
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Two Goals in Ideal MultiTwo Goals in Ideal Multi--Objective Objective 
OptimizationOptimization

Converge to the Converge to the 
ParetoPareto--optimal frontoptimal front

Maintain as diverse a Maintain as diverse a 
distribution as distribution as 
possiblepossible
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Elitist NonElitist Non--dominated Sorting dominated Sorting 
Genetic Algorithm (NSGAGenetic Algorithm (NSGA--II)II)

NSGANSGA--II can extract II can extract 
ParetoPareto--optimal optimal 
frontierfrontier
And find a wellAnd find a well--
distributed set of distributed set of 
solutionssolutions
Adopted by Adopted by iSIGHTiSIGHT
and and ModeFrontierModeFrontier
Code downloadableCode downloadable
http://http://www.iitk.ac.in/kangal/soft.htmwww.iitk.ac.in/kangal/soft.htm

IEEE TEC paper awarded IEEE TEC paper awarded ‘‘Fast Breaking Paper in Fast Breaking Paper in EnggEngg. by ISI Web of Sc.. by ISI Web of Sc.
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NSGANSGA--II ProcedureII Procedure
Elites are preservedElites are preserved
NonNon--dominated solutions are emphasizeddominated solutions are emphasized
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NSGANSGA--II (cont.)II (cont.)

Overall Complexity Overall Complexity 
O(O(N logN logMM--11NN))

•• Diversity is preservedDiversity is preserved

Improve diversity byImprove diversity by
•• kk--mean clusteringmean clustering
•• Euclidean distance Euclidean distance 

measuremeasure
•• Other techniquesOther techniques

MDO Short Course at Laajavuori 
(13 March 2009)

18

Simulation on ZDT1Simulation on ZDT1

MDO Short Course at Laajavuori 
(13 March 2009)

19

Multiple SingleMultiple Single--Objective Objective 
Optimization Versus EMOOptimization Versus EMO

Repetitive use may be computationally Repetitive use may be computationally 
expensiveexpensive
EMO is parallel and overall faster and reliableEMO is parallel and overall faster and reliable

EMOEMO11--objobj
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Performing Reliable and Performing Reliable and 
Confident EMO SimulationsConfident EMO Simulations

EMO is a numerical EMO is a numerical 
methodmethod
Verify by singleVerify by single--objective objective 
optimizations optimizations 
Verify by smallerVerify by smaller--
objective optimizationsobjective optimizations
Cluster the frontierCluster the frontier

Check to see if they Check to see if they 
are KKT points (see our are KKT points (see our 
CECCEC--2007 paper)2007 paper)
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EMO Applications:EMO Applications:
1. 1. Better DecisionBetter Decision--MakingMaking

Identify different tradeIdentify different trade--off solutions for choosing off solutions for choosing 
one (Better and more confident decisionone (Better and more confident decision--making)making)
InterInter--planetary trajectoryplanetary trajectory
designdesign
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PortfolioPortfolio
OptimizationOptimization
Minimize risk, maximize returnMinimize risk, maximize return

RiskRisk

R
et

u
rn

R
et

u
rn

Complete:Complete:
Assuming any xAssuming any x
GA:GA: x=0 or [x=0 or [αα,w] ,w] 
and fixed D=32and fixed D=32
Theory D=32Theory D=32:   :   
Complete with Complete with 
D=32D=32
Theory D=32 Theory D=32 
feasiblefeasible: D=32 & : D=32 & 
feasible (9 feasible (9 solnssolns.).)

and and Card(Card(xx)=D)=D

Objective SpaceObjective Space
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2.2. InnovizationInnovization::
Discovery of Innovative design principles through Discovery of Innovative design principles through 
optimizationoptimization

Example: Electric motor Example: Electric motor 
design with varying design with varying 
ratings, say  1 to 10 kWratings, say  1 to 10 kW

Each will vary in size Each will vary in size 
and power and power 
Armature size, Armature size, 
number of turns etc.number of turns etc.

How do solutions vary?How do solutions vary?
Any common principles!Any common principles!

Understand important design principles in Understand important design principles in 
a routine design scenarioa routine design scenario
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Brushless DC Permanent Magnet Motor Brushless DC Permanent Magnet Motor 
Design for Cost and Peak TorqueDesign for Cost and Peak Torque

Six variables (all Six variables (all 
discrete), three discrete), three 
constraintsconstraints
NonNon--convex, disconnected  convex, disconnected  
PP--O frontO front

InnovizationInnovizationss::
Connection: Y (betn. Y & Connection: Y (betn. Y & ΔΔ))
Lamination Type: Y (X, Y, Z)Lamination Type: Y (X, Y, Z)
1 out of 16 wire guages1 out of 16 wire guages
18 turns per coil (10,80)18 turns per coil (10,80)
More peak torque by adding More peak torque by adding 
linearly more laminationslinearly more laminations

Recipe for designRecipe for design

ParetoPareto--optimaloptimal
frontfront
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Epoxy PolymerizationEpoxy Polymerization

Three ingredients Three ingredients 
added hourlyadded hourly
54 54 ODEsODEs solved for a solved for a 
77--hour simulationhour simulation
Maximize chain Maximize chain 
length (length (MnMn) ) 
Minimize Minimize 
polydispersitypolydispersity index index 
(PDI)(PDI)
Total 3Total 3xx7 or 21 7 or 21 
variablesvariables
(Deb et al., 2004)(Deb et al., 2004)

 1000

 2000

 3000

 4000

 5000

 6000

 7000

 8000

 9000

 10000

 1.8  1.84  1.88  1.92  1.96  2
PDI

M
n

A nonA non--convex frontierconvex frontier
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Epoxy Polymerization (cont.)Epoxy Polymerization (cont.)

Some patterns emerge among obtained Some patterns emerge among obtained 
solutionssolutions
Chemical significance unveiledChemical significance unveiled
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InnovizedInnovized Principles: Principles: 
An Optimal Operating ChartAn Optimal Operating Chart
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GearGear--box Designbox Design
A multiA multi--spindle gearspindle gear--box box 
design design (Deb and Jain, 2003)(Deb and Jain, 2003)

28 variables (integer, 28 variables (integer, 
discrete, realdiscrete, real--valued)valued)
101 non101 non--linear constraintslinear constraints

Important insights Important insights 
obtained obtained 
(larger module for more (larger module for more 
power)power)
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InnovizedInnovized PrinciplesPrinciples
Module varies proportional to squareModule varies proportional to square--root of powerroot of power
Keep other 27 variables more or less the sameKeep other 27 variables more or less the same

m=m=√√pp
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Robust Optimization Robust Optimization 
Handling uncertainties Handling uncertainties 
Parameters are Parameters are uncertain uncertain 
and sensitiveand sensitive to to 
implementationimplementation

Tolerances in manufacturing
Material properties uncertain
Loading is uncertain

Evaluation uncertainty
Who wants a sensitive 
optimum solution?
Single-objective robust EAs
exist

NONO YESYES
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MultiMulti--Objective Robust SolutionsObjective Robust Solutions

Not all ParetoNot all Pareto--
optimal points may optimal points may 
be robustbe robust
A is robust, but B is A is robust, but B is 
notnot
DecisionDecision--makers will makers will 
be interested in be interested in 
knowing robust part knowing robust part 
of the frontof the front

f_2

x_1

x_2

x_3

f_1

B

A

B

A

Objective
space

Decision space
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Robust FrontiersRobust Frontiers
for Two Objectivesfor Two Objectives

(δ=0.007)

η=0.4

η=0.5

η=0.6

η=0.7
Type I robust
front

Original front

 0

 0.5

 1

 1.5

 2

 2.5

 0  0.2  0.4  0.6  0.8  1

f
_
2

f_1

Identify robust regionIdentify robust region
Allows a control on desired robustnessAllows a control on desired robustness

δ=0.004
δ=0.005

δ=0.006

δ=0.007

 0

 0.5

 1

 1.5

 2

 2.5

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

f
_
2

f_1

Type IIType II Type IType I
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ReliabilityReliability--Based Optimization:Based Optimization:
Making designs safe against failuresMaking designs safe against failures

Minimize    Minimize    μμf f + k+ kσσff

Subject to  Subject to  Pr(gPr(gjj(x)(x)≥≥0) 0) ≥≥ ββjj

ββjj is useris user--suppliedsupplied

Deterministic Deterministic 
optimum is not optimum is not 
usually reliableusually reliable
Reliable solution is Reliable solution is 
an interior pointan interior point
Chance constraints Chance constraints 
with a given with a given 
reliabilityreliability
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Multiple Reliability Solutions:Multiple Reliability Solutions:
Get a better insightGet a better insight

fgffgf
RIA approach is usedRIA approach is used
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MultiMulti--Objective ReliabilityObjective Reliability--
Based OptimizationBased Optimization

Reliable fronts show rate of movementReliable fronts show rate of movement
What remains unchanged and what gets What remains unchanged and what gets 
changed!changed!
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Iter.1

Iter.2

Identify Identify redundant redundant 
objectives, if existobjectives, if exist
EMO+PCA in iterationsEMO+PCA in iterations

HandlingHandling
Many ObjectivesMany Objectives

1010--objectiveobjective
DTLZ5 problemDTLZ5 problem

Saxena and DebSaxena and Deb
(CEC(CEC--2006, 2006, 
EMOEMO--2007,2007,
CECCEC--2007)2007)
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Dynamic (OnDynamic (On--line) Optimizationline) Optimization

Assume a Assume a statisstatis in problem for a time stepin problem for a time step
Find minimum time step by a offFind minimum time step by a off--line study line study 
for a prefor a pre--defined performancedefined performance

FDA2 Test ProblemFDA2 Test Problem

AlgorithmAlgorithm
FlexibilityFlexibility
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Dynamic MultiDynamic Multi--Objective Objective 
HydroHydro--Thermal Power SchedulingThermal Power Scheduling
Addition of random or mutated points at changesAddition of random or mutated points at changes
3030--min change found satisfactorymin change found satisfactory

3030--min changemin change
1515--min changemin change

Not SatisfactoryNot Satisfactory

EMOEMO--20072007
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MultiMulti--Objective Objective BilevelBilevel
Programming Programming (Deb and (Deb and SinhaSinha, 2009), 2009)

Upper level Upper level 
solution is feasible solution is feasible 
only if it is a lower only if it is a lower 
level PO solutionlevel PO solution
Often appears in Often appears in 
engineering engineering 
problems to deal problems to deal 
with stability, with stability, 
equilibrium etc.equilibrium etc.
NSGANSGA--II with a II with a 
local searchlocal search
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Hybrid EMO Hybrid EMO ((KarthikKarthik, Deb & , Deb & MiettinenMiettinen, 2008), 2008)

Improve Improve EMOEMO’’ss convergence propertiesconvergence properties
Introduce local search based on achievement Introduce local search based on achievement 
scalarizationscalarization function occasionallyfunction occasionally

NSGANSGA--IIII Hybrid NSGAHybrid NSGA--IIII
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EMO and DecisionEMO and Decision--MakingMaking
Need to choose a single solution!Need to choose a single solution!
How to choose one solution (MCDM)How to choose one solution (MCDM)
First EMO, then MCDMFirst EMO, then MCDM
EMO+MCDM all alongEMO+MCDM all along

Use where multiple, repetitive applications are Use where multiple, repetitive applications are 
soughtsought
Use where, instead of a point, a tradeUse where, instead of a point, a trade--off region off region 
is soughtis sought
Use for finding points with specific properties Use for finding points with specific properties 
(nadir point, knee point, etc.)(nadir point, knee point, etc.)
Use for robust, reliable or other frontsUse for robust, reliable or other fronts

Use EMO for an idea of the front, then decisionUse EMO for an idea of the front, then decision--
making (Imaking (I--MODE)MODE)

MDO Short Course at Laajavuori 
(13 March 2009)

42

Finding a Partial Pareto FrontierFinding a Partial Pareto Frontier

Using a DMUsing a DM’’s s 
preference (not a preference (not a 
solution but a region)solution but a region)

Guided domination Guided domination 
principle: Biased principle: Biased 
niching approachniching approach

Weighted domination Weighted domination 
approachapproach

(Branke et al., 2001; Deb, 2001)(Branke et al., 2001; Deb, 2001)
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Distributed Computing of Distributed Computing of 
ParetoPareto--Optimal SetOptimal Set

Guided domination concept to search different parts Guided domination concept to search different parts 
of Paretoof Pareto--optimal region optimal region 

Distributed computing of different partsDistributed computing of different parts

Deb, Zope & Jain Deb, Zope & Jain 
(EMO(EMO--2003)2003)
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Distributed computing: Distributed computing: 
A ThreeA Three--Objective ProblemObjective Problem

Spatial computing, not temporalSpatial computing, not temporal

TheoryTheory NSGANSGA--II SimulationsII Simulations
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Making Decisions:Making Decisions:
Current FocusCurrent Focus

Ranking based on Ranking based on 
closeness to each closeness to each 
reference point or a reference point or a 
reference directionreference direction

Deb and Sundar (GECCO 2006)Deb and Sundar (GECCO 2006)

Deb and KumarDeb and Kumar
(GECCO(GECCO--2007)2007)

’’Light BeamLight Beam’’ Approach in CECApproach in CEC--0707 MDO Short Course at Laajavuori 
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Finding Knee Solutions Finding Knee Solutions 
((BrankeBranke et al., 2004)et al., 2004)

Find only the knee or nearFind only the knee or near--knee solutions knee solutions 
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II--MODE Software Developed MODE Software Developed 
at at KanGALKanGAL

Deb and Chaudhuri,Deb and Chaudhuri,
EMOEMO--0707
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Example:Example:

From a front From a front ……

…… to a specific solutionto a specific solution
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Conclusions  Conclusions  
EMO is a fastEMO is a fast--growing field of research and growing field of research and 
applicationapplication

Exciting for field of Evolutionary ComputingExciting for field of Evolutionary Computing
Practical applications and challenges Practical applications and challenges 
surfacingsurfacing
EMO+MCDM, EMO+Math optimizationEMO+MCDM, EMO+Math optimization
Commercial Commercial softwaressoftwares availableavailable

ModeFrontierModeFrontier, , iSIGHTiSIGHT
Computer codes freely downloadableComputer codes freely downloadable
Many conference and journal publication Many conference and journal publication 
opportunitiesopportunities
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Regular EMO ActivitiesRegular EMO Activities
A dedicated twoA dedicated two--yearly yearly 
conference (EMO):conference (EMO):
EMOEMO--01 (Zurich), 01 (Zurich), 
EMOEMO--03 (Faro), 03 (Faro), 
EMOEMO--05 (05 (GuanajuatoGuanajuato), ), 
EMOEMO--07 (Sendai)07 (Sendai)
Next one in Next one in Nantes, FranceNantes, France
((EMOEMO--09) 09) 
Other major EA Other major EA 
conferences (EMO tracks)conferences (EMO tracks)
Special issues of journalsSpecial issues of journals
150+ PhD theses so far 150+ PhD theses so far 
since 1993since 1993

http://www.emo09.orghttp://www.emo09.org


