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1 Variational Inequalities with Continuous Map-
pings

We consider the main idea of combined relaxation (CR) methods and implementable
algorithms for solving variational inequality problems with continuous single-valued
mappings.

1.1 Problem Formulation

Let U be a nonempty, closed and convex subset of the n-dimensional Euclidean space
R™ G :U — R"™ a continuous mapping. The variational inequality problem (VI) is the
problem of finding a point u* € U such that

(Gw)yu—u*) >0 Yuel. (1)

It is well known that the solution of VI (1) is closely related with that of the following
problem of finding u* € U such that

(Glu),u—u*) >0 Vuel. (2)

Problem (2) may be termed as the dual formulation of VI (DVI). We will denote by
U* (respectively, by U?) the solution set of problem (1) (respectively, problem (2)).

To obtain relationships between U* and U¢, we need additional monotonicity type
properties of G.

Definition 1.1 Let W and V' be convex sets in R", W C V, and let @ : V — R" be
a mapping. The mapping () is said to be
(a) strongly monotone on W if

(Qu) = Q),u—v) = 7llu—v|*  VuveW;
(b) strictly monotone on W if
(Qu) —Qv),u—v) >0 Yu,v € W, u # v;
(c) monotone on W if
(Qu) —Q),u—v)y >0  Vu,veW;
(d) pseudomonotone on W if

Q)yu—v) >0 = (Qu),u—v)>0 Yu,v € W,



(e) quasimonotone on W if f
Q),u—v)y>0 = (Qu),u—v)>0 Yu,v € W,
(f) explicitly quasimonotone on W if it is quasimonotone on W and
Q),u—v) >0 = (Q(2),u—v)>0 Fze€ (0.5(u+v),u).
It follows from the definitions that the following implications hold:
(a) = (b) = (¢) = (d) = (f) = (¢).

The reverse assertions are not true in general.
Now we recall the relationships between solution sets of VI and DVI, which are
known as the Minty Lemma.

Proposition 1.1 (i) U? is convex and closed.
(i) Ut C U*.
(iii) If G is pseudomonotone, U* C U<,

The existence of solutions of DVI plays a crucial role in constructing relatively sim-
ple solution methods for VI. We note that Proposition 1.1 (iii) does not hold in the
(explicitly) quasimonotone case. Moreover, problem (2) may even have no solutions in
the quasimonotone case. However, we can give an example of solvable DVI (2) with
the underlying mapping G which is not quasimonotone. Nevertheless, as it was shown
by Konnov [9], explicitly quasimonotone DVT is solvable under the usual assumptions.

1.2 Classical Iterations

One of most popular approaches for solving general problems of Nonlinear Analysis
consists of creating a sequence {u*} such that each u**! is a solution of some auxiliary
problem, which can be viewed as an approximation of the initial problem at the previous
point u*.

At the beginning we consider the simplest problem of solving the nonlinear equation

¢(t) =0, (3)

where ¢ : R — R is continuously differentiable. Recall that the Newton method being
applied to this problem iteratively solves the linearized problem

O(t) + ¢'(t)(t — tx) = 0, (4)



where t; is a current iteration point. Obviously, we obtain the well-known process

ter = te — B(t) /' (t), (5)

which, under certain assumptions, converges quadratically to a solution of (3). The
Newton method for VI (1):

(G(uF) + VG (W —uh), v —u"™) >0 YweU (6)

possesses the same properties. Most modifications of the Newton method consist of
replacing the Jacobian VG (u¥) with a matrix Ax. One can then obtain various Newton—
like methods such as quasi—-Newton methods, successive overrelaxation methods, etc.
In general, we can replace (6) with the problem of finding a point zZ € U such that

(GF) + M\ T (uF ), 0 — uF Y >0 Yo e U, (7)

where the family of mappings {7} : V' x V' — R"} such that, for each £k =0,1,.. .,
(A1) Ty(u,-) is strongly monotone with constant " > 0 for every u € U;
(A2) T (u,-) is Lipschitz continuous with constant 7" > 0 for everyuw € V;
(A3) Ti(u,u) =0 for everyu € V.
For instance, we can choose

T(u, z) = Ap(z — ) (8)

where Ay is an n X n positive definite matrix. The simplest choice Ay = I in (8) leads
to the well-known projection method.

However, all these methods require restrictive assumptions either G be strictly
monotone or its Jacobian be symmetric for convergence. We will describe a general
approach to constructing iterative solution methods, which involves a solution of the
auxiliary problem (7) in order to compute iteration parameters in the main process.
As a result, we prove convergence of such a process under rather mild assumptions.

1.3 Basic Properties of CR Methods

We first consider another approach to extending the Newton method (5). Suppose
f+ R™ — R is a non-negative, continuously differentiable and convex function. Let us
consider the problem of finding a point u* € R™ such that

f(u?) =0. (9)
Its solution can be found by the following gradient process
uF = b = (FWM)/ IV @)V f (). (10)
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Note that process (10) can be viewed as some extension of (5). Indeed, the next iterate
u**1 also solves the linearized problem

Fh) +{V f (), u—u") = 0.
Process (10) has quite a simple geometric interpretation. Set
Hy={u€ R" [ (Vf(u"),u—u*) = —f(u")}.

Note that the hyperplane Hj separates u* and the solution set of problem (9). It is
easy to see that u*™! in (10) is the projection of u* onto the hyperplane Hy, so that
the distance from u**1 to each solution of (9) has to decrease in comparison with that
from u*.

We now consider an extension of this approach to the case of VI (1).

Definition 1.2 Let W be a nonempty closed set in R". A mapping P : R" — R" is
said to be feasible and non-expansive (fn.e.) with respect to W, if for every u € R™,
we have

Pu) e W, ||P(u) —w|| < |lu—w| YweW.

We denote by F (W) the class of all f.n.e. mappings with respect to W. We can take
the projection mapping mw (-) as P € F(W). However, if the definition of the set
U includes functional constraints, then the projection onto U cannot be found by a
finite procedure. Nevertheless, in that case there exist finite procedures of finding the
corresponding point P(u).

Let us consider an iteration sequence {u*} generated in accordance with the fol-
lowing rules:

uP Tt = P(ah), " = b — yorg”, P € F(U), v € (0,2), (11)
(G ) > ol 20 Y € U (12)

It is easy to see that @**! is the projection of u* onto the hyperplane
Hy(v) = {v € R" | (¢",v —u") = —yar ]l 6"},

and that Hy(1) separates u* and U?. Although Hy(v), generally speaking, does not
possess this property, the distance from @**! to each point of U¢ cannot increase and
the same is true for ©**! since U? C U. We now give the key property of the process

(11), (12), which specifies the above statement.
Lemma 1.1 Let a point u**1 be chosen by (11), (12). Then we have

[kt — |2 < ok = w ] = 42 = N (ollg")? vure U, (13)



The following assertions follow immediately from (13).

Lemma 1.2 Let a sequence {u*} be constructed in accordance with the rules (11),
(12). Then:
(i) {u*} is bounded.

(i) 3% 5(2 — 2){oelgH)? < oo
(iii) For each limit point u* of {u*} such that u* € U we have

lim v* = u*.

k—oo
Note that the sequence {u*} has limit points due to (i). Thus, due to (iii), it suffices
to show that there exists a limit point of {u*} which belongs to U?. However, process
(11), (12) is only a conceptual scheme, since it does not contain the rules of choosing
the parameters g* and oy, satisfying (12). This approach was first proposed by Konnov
[1], where it was also noticed that iterations of most relaxation methods can be applied
to find these parameters (see also [5, 8] for more details).

1.4 An Implementable CR Method

The blanket assumptions are the following.

e U is a nonempty, closed and convexr subset of R";
e V is a closed convex subset of R" such that U C V;

o GG:V — R"is a locally Lipschitz continuous mapping;

o« Ut =U*#9.

Method 1.1. Step 0 (Initialization): Choose a point v° € U, a family of mappings
{T}.} satisfying (A1) — (A3) with V = U and a sequence of mappings { Py}, where
P, € F(U) for k = 0,1,... Choose numbers a € (0,1), 3 € (0,1), v € (0,2), § > 0.
Set k£ := 0.
Step 1 (Auxiliary procedure):
Step 1.1 : Solve the auxiliary variational inequality problem of finding 2% € U
such that
(GuF) 4+ T (uF, 2%),0 =25y >0 YweU (14)

k—uk. If p* =0, stop.

and set p¥ =z



Step 1.2: Determine m as the smallest number in Z, such that
uf + BOp* € U (G (u" + 870p%), p*) < a(G(u¥),p"), (15)

set Oy, == 370, vF = uF + Gp*. If G(v*) = 0, stop.
Step 2 (Main iteration): Set

¢ = GOP), 0y = (GO0, b — o)/ [gF% o = Pt —qong),  (16)

k:=k+ 1 and go to Step 1.

According to the description, at each iteration we solve the auxiliary problem (7)
with A\, = 1 and carry out an Armijo-Goldstein type linesearch procedure. Thus, our
method requires no a priori information about the original problem (1). In particular,
it does not use the Lipschitz constant for G.

Theorem 1.1 Let a sequence {u*} be generated by Method 1.1. Then:
(i) If the method terminates at Step 1.1 (Step 1.2) of the kth iteration, u* € U*
Wk e U*).
(ii) If {u*} is infinite, we have
klim uf =ut e U*.
Theorem 1.2 Let an infinite sequence {u*} be constructed by Method 1.1. Suppose
that G is strongly monotone. Then:

(i) the sequence {||u* — my- (uF)||} converges to zero in the rate O(1/Vk);
(ii) if U = R™, {||uF — 7y (uF)||} converges to zero in a linear rate.

We now give conditions that ensure finite termination of the method. Namely, let
us consider the following assumption.
(A4) There exists a number u' > 0 such for each point u € U, the following
inequality holds:
(Gu),u =7y (u)) > p [Ju — 7y (u)]. (17)

Theorem 1.3 Let a sequence {u*} be constructed by Method 1.1. Suppose that (A4)
holds. Then the method terminates with a solution.

1.5 Modifications

In Step 1 of Method 1.1, we solved the auxiliary problem (14), which corresponds to
(7) with A\, = 1, and afterwards found the stepsize along the ray u® + (2% — u*).
However, it is clear that one can satisfy condition (15) by sequential solving problem
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(7) with various A\g. We now describe a CR method which involves a modified linesearch
procedure.

Method 1.2. Step 0 (Initialization): Choose a point v® € U, a family of mappings
{T}.} satisfying (A1) — (A3) with V = U and a sequence of mappings {Py}, where
P, € F(U) for k = 0,1,... Choose numbers a € (0,1), 3 € (0,1), v € (0,2), § > 0.
Set k£ := 0.
Step 1 (Auxiliary procedure):
Step 1.1 : Find m as the smallest number in Z, such that

(G(zk’m), Zhm uk) < a(G(uk), Zhm uk>, (18)

km is a solution of the auxiliary problem of finding zZ € U such that

(G(u®) + (éﬁm)_lTk(uk Z),u—2z)>0 YueUl. (19)
Step 1.2: Set 6}, := 70, v == 2P If uF = v* or G(v*) = 0, stop.
Step 2 (Main iteration): Set
g = GY), 0= (G, Wb = ") /lg"|1%, (20)
uF ! Pr.(uf — vorg"), (21)

where z

k:=k+1 and go to Step 1.

Method 1.2 possesses the same convergence properties as those of Method 1.1.
We now describe a CR method which uses a different rule of computing the descent
direction.

Method 1.3. Step 0 (Initialization): Choose a point u® € V, a family of mappings
{T},} satisfying (A1) — (A3), and choose a sequence of mappings { P}, where P €
F(V), for k = 0,1,... Choose numbers o € (0,1), 8 € (0,1), v € (0,2), § > 0. Set
k= 0.
Step 1 (Auxiliary procedure ):
Step 1.1: Find m as the smallest number in Z, such that

(Gu") = Q™) ub =28 < (1= a)(08™) {Th(ul, 25m), 22 =), (22)

where 2™ is a solution of the auxiliary problem of finding z € U such that (19) holds.
Step 1.2: Set 0y, := ™0, v* = Z&F™. If uF = v* or G(v*) = 0, stop.
Step 2 (Main iteration): Set

g = (Uk) G(u*) = 0, T(u®, v"), (23)
o = (" u" =" /|lg", (24)
uP Tt = Py(u” — yorgh), (25)

k =k + 1 and go to Step 1.



Theorem 1.4 Let a sequence {u*} be generated by Method 1.2. Then:
(i) If the method terminates at the kth iteration, v* € U*.
(ii) If {u*} is infinite, we have

lim u* = u* € U*.

k—o0

Theorem 1.5 Let an infinite sequence {u*} be generated by Method 1.3. If G is
strongly monotone, then {|[u* — 7y~ (u¥)||} converges to zero in a linear rate.

Theorem 1.6 Let a sequence {u*} be constructed by Method 1.3. Suppose that (A4)
holds. Then the method terminates with a solution.

1.6 CR Method for Nonlinearly Constrained Problems

In this section, we consider the case of VI (1) subject to nonlinear constraints. More
precisely, we suppose that

U={ueR"|hi(u)<0 i=1,...,m},

where h; : R — R, 1 =1,...,m are Lipschitz continuously differentiable and convex
functions, there exists a point u such that h;(a) <0 fori=1,...,m.
Since the functions h;, i = 1,...,m need not be affine, the auxiliary problems at

Step 1 of the previous CR methods cannot in general be solved by finite algorithms.
Therefore, we need a finite auxiliary procedure for this case. Such a CR method can
be described as follows. Set

L(u)y={i|1<i<m, hi(u)>—c}.

Method 1.4. Step 0 (Initialization): Choose a point u® € U, sequences {g;} and {n;}
such that

{eit N0, {m} \. 0. (26)
Also, choose a sequence of mappings { Py}, where P, € F(U) for k = 0,1,... Choose
numbers « € (0,1), 8 € (0,1), v € (0,2), 6 € (0,1], and p; > 0 for i = 1,...,m. Set
[:=1,k:=0.

Step 1 (Auxiliary procedure):
Step 1.1 : Find the solution (73, p™!) of the problem

min @ — T (27)
subject to
(Gh),p) <
(Vhi(u*),p) < pr i€ I (uh), (28)
ps] < 1 s=1,...,n.



Step 1.2: If 74y > —my, set vF = uf, WM i=wF g8 =0, 04 =0, k =k + 1,
[:=1+1 and go to Step 1. (null step)
Step 1.3 Determine m as the smallest number in Z, such that

uf 4 B Op € U (G(uf + B 0p), pH) < a(G(u¥), pH), (29)
set Oy, == 70, vF = uF + O pF . (descent step)
Step 2 (Main iteration): Set
g" = G, 0 = (G"), 0 = o") /|| g"|]P, T = Pe(u® = yorg), (30)

k:=k+1 and go to Step 1.

It is easy to see that the auxiliary procedure in Step 1 is an analogue of an iteration
of the Zoutendijk feasible direction method.
Theorem 1.7 Let a sequence {u*} be generated by Method 1.4. Then

lim «* = u* € U*.
k—oo

The procedure for implementing a f.n.e. mapping P, is for example the following
(see [12]). Set
Li(uy={i|1<i<m, hi(u)>0}

Procedure P. Data: A point v € R".
Output: A point p.
Step 0: Set w® := v, j := 0.
Step 1: If w’ € U, set p := w’ and stop.
Step 2: Choose i(j) € Iy (w?), ¢ € Ohi(w?), set

w = w? = 2k (W) /1|, (31)

j: =7+ 1 and go to Step 1.

Procedure P is a variant of the reflection method generalizing the relaxation method
for solving linear inequalities. Indeed, the points w’ and w’/*! in (31) are symmetric
with respect to the hyperplane

Hj={u€R"| (¢, u—uwl) = —hi;w)}

which separates w’ and U. For other approaches to construct f.n.e. mappings see [11].



2 Variational Inequalities with Multivalued Map-
pings

We will consider combined relaxation (CR) methods for solving variational inequalities
which involve a multivalued mapping. This approach was suggested and developed in
2, 3, 6, 10].

2.1 Problem Formulation

Let U be a nonempty, closed and convex subset of the n-dimensional Euclidean space
R" G : U — II(R") a multivalued mapping. The generalized variational inequality
problem (GVI for short) is the problem of finding a point u* € U such that

dg* € G(u™), (¢ ,u—u")y>0 VYueUl. (1)

The solution of GVI (1) is closely related with that of the corresponding dual generalized
variational inequality problem (DGVI for short), which is to find a point u* € U such
that

VueUandVg e Gu): (g,u—u")>0. (2)

We denote by U* (respectively, by U?) the solution set of problem (1) (respectively,
problem (2)).

Definition 2.1 Let W and V be convex sets in R", W C V, and let @ : V — II(R")
be a multivalued mapping. The mapping @) is said to be

(a) a K-mapping on W if it is u.s.c. on W and has nonempty convex and compact
values;

(b) u-hemicontinuous on W, if for all u € W, v € W and « € [0, 1], the mapping
a— (T(u+ aw),w) with w =v — u is u.s.c. at 0F.

Now we give an extension of the Minty Lemma for the multivalued case.

Proposition 2.1

(i) The set U is conver and closed.

(i1) If G is u-hemicontinuous and has nonempty convex and compact values, then
Ut cu-.

(iii) If G is pseudomonotone, then U* C U<,

The existence of solutions to DGVI will play a crucial role for convergence of CR
methods for GVI. Note that the existence of a solution to (2) implies that (1) is
also solvable under mild assumptions, whereas the reverse assertion needs generalized
monotonicity assumptions.
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2.2 CR Method for the Generalized Variational Inequality
Problem

We now consider a method for solving GVI (1). The blanket assumptions of this section
are the following:

e U is a subset of R"™, which is defined by
U={ueR"| h(u) <0}, (3)
where h : R™ — R is a convez, but not necessarily differentiable, function;

e the Slater condition is satisfied, i.e., there exists a point u such that h(u) < 0;
o G:U —TII(R") is a K-mapping;
o Ur=Ur#0.
Let us define the mapping @ : R" — II(R"™) by

2= {5t it >o. g

Method 2.1. Step 0 (Initialization): Choose a point u® € U, bounded positive
sequences {g;} and {n;}. Also, choose numbers 6 € (0,1), v € (0,2), and a sequence of
mappings { Py}, where P, € F(U) for k=0,1,... Set k:=0, [ := 1.
Step 1 (Auxiliary procedure)
Step 1.1 : Choose ¢° from Q(u*), set i := 0, p' := ¢, w° := u*.
Step 1.2: 1f

D"l < m, ()

set yl i=uf = wuf k:=k+1,1:=1+1and go to Step 1. (null step)
Step 1.3: Set wt! := u* — g;p*/||p||, choose ¢! € Q(w'1). If

(@ p") > 0lp', (6)
then set v* := w'!l, ¢gF := ¢! and go to Step 2. (descent step)
Step 1.4: Set ‘ o
p' ™= Nr convip’, ¢}, (7)

1: =1+ 1 and go to Step 1.2.
Step 2 (Main iteration): Set oy == (g%, u* — v*)/||g"|%,

u = Po(uf — yorg®),
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k =k + 1 and go to Step 1.

According to the description, at each iteration, the auxiliary procedure in Step 1
is applied for direction finding. In the case of a null step, the tolerances ; and 7,
decrease since the point u* approximates a solution within ¢;, 1. Hence, the variable
[ is a counter for null steps and the variable j(-) is a counter for descent steps. In the
case of a descent step we must have o, > 0. Therefore, the point @**! = u* — yo;,¢* is
the projection of the point v* onto the hyperplane

Hi(y) = {v € R" | (¢",v —u") = —yau||g" |}

Clearly, Hy(1) separates u* and U?. Hence, the distance from @*! to each point of U?

cannot increase when v € (0,2) and that from u**! does so due to the properties of
Py.. Thus, our method follows the general CR framework.

We will call one increase of the index ¢ an inner step, so that the number of inner
steps gives the number of computations of elements from )(-) at the corresponding
points.

Theorem 2.1 Let a sequence {u*} be generated by Method 2.1 and let {g;} and {n}
satisfy the following relations:

{e} O, {m} . 0. (8)

Then:
(i) The number of inner steps at each iteration is finite.
(i1) It holds that
lim u* = u* € U*.
k—o0
As Method 2.2 has a two-level structure, each iteration containing a finite number
of inner steps, it is more suitable to derive its complexity estimate, which gives the
total amount of work of the method. We use the distance to u* as an accuracy function
for our method, i.e., our approach is slightly different from the standard ones. More
precisely, given a starting point u° and a number 6 > 0, we define the complexity of the
method, denoted by N(¢), as the total number of inner steps ¢ which ensures finding
a point @ € U such that
1@ —w||/[lu® = u[| < 6.

Therefore, since the computational expense per inner step can easily be evaluated for
each specific problem under examination, this estimate in fact gives the total amount
of work. We thus proceed to obtain an upper bound for N(J).
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Theorem 2.2 Suppose G is monotone and there exists u* € U* such that

for every w € U and for every g € G(u),
(g:u—u") > pllu—ur],

(9)
for some p > 0. Let a sequence {u*} be generated by Method 2.1 where
g=vem=n,1=01,...; ve(0,1). (10)
Then, there exist some constants € > 0 and 7 > 0 such that
N(6) < Biv?(In(By/8)/Inv" + 1), (11)

where 0 < By, By < oo, whenever 0 < & < & and 0 < n’ < 5, By and By being
independent of v.

It should be noted that the assertion of Theorem 2.2 remains valid without the
additional monotonicity assumption on G if U = R".

Thus, our method attains a logarithmic complexity estimate, which corresponds to
a linear rate of convergence with respect to inner steps. We now establish a similar
upper bound for N(0) in the single-valued case.

Theorem 2.3 Suppose that U = R"™ and that G s strongly monotone and Lipschitz
continuous. Let a sequence {u*} be generated by Method 2.2 where

g=vem=1v»,1=0,1,...;¢>0,79 >0, ve(01). (12)

Then,
N(6) < Biv %(In(By/8)/Invt + 1), (13)

where 0 < By, By < 00, By and By being independent of v.

2.3 CR Method for Multivalued Inclusions

To solve GVI (1) , we propose to apply Method 2.1 to finding stationary points either
of the mapping P being defined as follows

G(u) if h(u) <0,
P(u) =< conv{G(u) Joh(u)} if h(u) =0, (14)
Oh(u) if h(u) > 0.

Such a method need not include feasible non-expansive operators and is based on the
following observations.
First we note P in (14) is a K-mapping. Next, GVI (1) is equivalent to the multi-
valued inclusion
0 € P(u"). (15)

We denote by S* the solution set of problem (15).
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Theorem 2.4 It holds that
U*=25".

In order to apply Method 2.2 to problem (15) we have to show that its dual problem
is solvable. Namely, let us consider the problem of finding a point u* of R™ such that

Vu e R*, Vte P(u), (t,u—u*)>0, (16)

which can be viewed as the dual problem to (15). We denote by S(y the solution set
of this problem.

Lemma 2.1
(z) Sty is conver and closed.
(it) Siy € 5™
(111) If P is pseudomonotone, then Sy =5"

Note that P need not be pseudomonotone in general. Nevertheless, in addition to
Theorem 2.4, it is useful to obtain the equivalence result for problems (2) and (16).

Proposition 2.2 U? = Stay-

Therefore, we can apply Method 2.1 with replacing G, U, and P, by P, R", and [
respectively, to the multivalued inclusion (15) under the blanket assumptions. We call
this modification Method 2.2.

Theorem 2.5 Let a sequence {u*} be generated by Method 2.2 and let {&;} and {m}
satisfy (8). Then:

(i) The number of inner steps at each iteration is finite.

(i) It holds that

lim u* = u* € S* = U*.
k—oo
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